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VICTORIA SCHOOL

PRELIMINARY EXAMINATION ONE
SECONDARY FOUR

Additional Material: Answer Paper

READ THESE INSTRUCTIONS FIRST

Write your name, class and register number on all the work you hand in.
Write in dark blue or black pen.
You may use a pencil for any diagrams or graphs.

- Do not use paper clips, highlighters, glue or correction fluid.

-'-«-w-w-Answer all questions.
- If working is needed for any question it must be shown with the answer.
Omission of essential working will result in loss of marks.
-You are expected to use a scientific calculator to evaluate explicit numerical
expressions.

435

If the degree of accuracy is not specified in the question ‘and if the answer is not exact, -

~ give the answer to three significant figures. Give answers in degrees to one decnmal
- place.

For z, use either your calculator value or 3.142, unless the guestion requires the
answer in terms of .

- At the end of the examination, fasten all your work securely together.
The number of marks is given in brackets| ] at the end of each question or part
question.
The total number of marks for this paper is 80.

This paper conSIsts of 5 pnnted pages, mcludmg the cover page:
. ) ' [Turn over
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Mathematical Formulae

1. ALGEBRA
Quadrat_ic Equation
For the equation ax®+ bx + ¢ =0,
bt b* — dac

x_
2a

Binomial Theorem

ri(n — r)! r!

2. _ TRIGONOMETRY
Identities.

sin?A + cos’A = 1
sec?A =1+ tan’ A
cosec’A =1 + u'cotzA
- sin{A+ B) =sin Acos BXxcos Asin B
cos(A+ B) =cos Acos BFsin Asin B
tan A+t
, tan(AiB)z_iﬂ_E‘_Bi_
- 1¥tanAtan B
sin2A=2sin Acos A
cos2A =cos? A—sin?A=2cos? A—1=1-2sin’ A
tan2A:—2ﬂ;—1—
1-tan“ A

Formulae for AABC
. -'d',"_ b e
sinA  sinB  sinC
a’® = b* + ¢* — 2bccos A

A = —;—absinC

“VICTORIA SCHOOL " 14/S4PRU/AM/1
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1  Giventhat p=3—2+/3, express (p +1)Z _s in the form of a+b+/3, where a and b are
p

integers. ' (4]

1 4
Y ©,4)
(6,2)
0 1
X
py+qx

=1 where 1 is plotted against l
x

The line passes through the points (6,2) and (9, 4). Find the valuesof p andof g.  [4]

The diagram shows part of a straight line graph

3 Solve the simultaneous equations

25" = L "
1257 .
277 x-1
v f+ (\/5) =27. [5]

4  Differentiate and simplify each of the following with respect to x.

(i) cos’(2-3x) - 12]

(i) }n(J(2x+l)(3x—4)) 3]

5 Given that f £ dr= f £(x) dx =55, find the value of
@ f 3609 dx+ f £(x) dx, (3]

(i) the constant k, for which f [F(x)-k] dx=6. 2]

" VICTORIA SCHOOL - - . 14/S4PRI/AM/1
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4
) - . . dy 3 . .
6 Given that the gradient function of a curve, Ex— =k| cosx——sin2x |, where kis a
constant, and the curve passes through the points (0,4)and (%O) , find the equation of

the curve. [5]

7 Given that sin A=g where A is an obtuse angle, obtain an expression in terms of g, for

(i) cos2A,

(1]
(ii) tan’ A, [2]
(iii) sin3A. [3]
8 @ Solve the equation [2x*~15|=—x. (3]
(ii) Sketch on the same diagram, the graphs of y= I2x2 —15| and y=—x. (31
(iii) Hence, solve [2x* ~15|<-x. [1]
9 Solutions to this question by accurate drawing will not be accepted.
The diagram shows a triangle ABC with vertices A(R,10), B(16,6) and C(12,0).
y A
A(h,10)
B(16,6)
ol cazo) O *
Given that AB=BC,
(i) find the value of A. - 31
A line is. drawn from point B.to. meet the. y-axis:at.D.such that. AD =.CD. Find the
(ii) equation of BD and the coordinates of D, . ' - (4]
(i) areaof quadrilateral ABCD. - <. - - v

" VICTORIASCHOOL-© .~ . - 14/S4PRVAM/I
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10  Solve the following equations.
(i) e —-8e+137=0 [4]

(i) log,(3—x)—log,(x*+15)=-1 [5]

11 The function f(x)=2-3sin3x is defined for 0<x< 7.

(i) State the period and amplitude of f. [2]
(ii) Solve f(x)=0for 0<x< 7. 31
(iii) Sketch the graph of y=f(x) for 0<x< 7. T3]
(iv) On the diagram drawn in part (iii), draw the graph of y = —26—+1. {1

/4

(v) State the number of solutions, for 0 < x <7, of the equation 1+2—x— 3sin3x=0. [1]
: /4

12  The expression 2x’ +mx* +nx+3, where m and n are constants, has a factor of x—1
and leaves a remainder of -9 when divided by x+ 2.

() Show that m=—1and n=—4. | 3]
(ii) Hence solve the equation 2x* —x* —4x+3=0. 3]
Giii) Express ——~ "% it partial fractions 51
P 2x° —x* —4x+3 P : ’
End of Paper

This document is intended for internal circulation in Victoria School only. No part of this document may be repﬁduced, stored in a retrieval

system or transmitted in any form or by any means, electronic, mechanical, photocopying or otherwise, wzthout the prior penmsston of the
Victoria School Internal Exarm‘ Committee.

VICT_ORIA'SCHOOL o - 14/S4PR1/AM/1
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Answer Key
1 34-1243
1 1
2 =—— and =—
773 P73
1 4
3 = —l—’ = —
ETSTS
4 1) 6sin(2 —3x)cos(2 —3x)
.. 12x-5
i) -
2(2x+1)(3x-4)
5 1) 275
1
ii k=1—
ii) 5
6 y=-16sinx—6cos2x+10
7 ) 1-24°
ii) T
(I+g)(1-q)
iii) q(3-49%
. 1
8 i) x=-3 orx=-2—
2
ii) YA
\ 15
-2.74 2.74
i) x=-3 orx=—2l y=-x
2
VICTORIA SCHOOL C4SEPRUAMYI
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7 :

9 1) hk=10
1i)
. . 1 4
- Equationof BD is y = —5—x+ 2—5—
- . 4
.. Coordinate of D is (0,2-5—).

ii1)  83.2 sq units

10 i) x=0.819 or x=1.75
ii) x=1

11 1) Period = —2—37—[- , amplitude =3
i) x=0243, 0804, 234, 290

iii)

YA z

Zs
5 2'_‘
//T ™~ -
// \\
7 \\
=2—-3sin(3x

X , \ y=2=3sin(

iv) 4 solutions

12 i) x=1 orx=—11 | :

3244 16 7 43
20— —4x+3  25(x=1)  Sa-1F
x—1) S(x—-17  25(2x+3)

VICTORIA SCHOOL ; 14/SAPRI/AM/" ~ ©
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VICTORIA SCHOOL

PRELIMINARY EXAMINATION ONE
SECONDARY FOUR

Additional Material: Answer Paper

READ THESE INSTRUCTIONS FIRST

Write your name, class and register number on all the work you hand in.
Write in dark blue or black pen.

- You may use a pencil for any diagrams or graphs.

‘Do not use paper clips, highlighters, glue or correction fluid.-

Answer all questions.

. If working is needed for any question it must be shown with the answer.
- Omission of essential working will result in loss of marks.
You are expected to. use a scientific calculator to eva!uate explrcrt numencal
expressions.
. If the degree of accuracy is not specified in the question, and if the answer is not exact :
* give the answer to three significant figures. Give answers in degrees to one decimal
place.
For z, use either your calculator value or 3.142, unless the question requires the
answer in terms of 7.

At the end of the examination, fasten all your work securely together.

The number of marks is given in brackets [ ] at the end of each questron or part
question.

The total number of marks for this paper is 80.

This paper conS|sts of 5 printed pages, rncludlng the cover page.
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax’+ bx + ¢ = 0,

b+t \/bz — 4ac

X =
2a

Binomial Theorem

. n _ _n n n—1 ) n n-272 . i I'I, n-rypr A -; n
(a+b)—a~+.1ab+2ab+...+ a” b + ...+ b,
r

n! B n(n-—l)...(n—r-l—l)
r(n— ! r!

ee - . n
where 7 is a positive integer and ( ] =
r

2. TRIGON OMETRY
Identities

sin®A + cos*A = 1
sec’A =1+ tan’ A
cosec’A =1 + cot’ 4
sin(A+ B) =sin Acos Bt cos Asin B
cos(A*B)=cos Acos BF¥sin Asin B
tanA*tan B

) I¥tan Atan B
sin2A =2sin Acos A

cos2A =cos? A—sin?A=2cos’ A—1=1-2sin A
2tan A
1—tan’ A

tan(A+B) =

tan2A =

Formulae for AABC
d o b __' ‘ C‘
sinA sinB sinC
a’ = b? _’+ ¢ — 2bccos A

A= labsinC
2

“VICTORIASCHOOL - . .~ - '14/S4PRI/AM/I-
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1 Giventhat p =3-23, express (p +1)2 _s in the form of a+b+/3 , where a and b are
p

integers.

(4]

~ Solution:

2 6
(p+1) ——
14

2 6 (34243
=(3-23+1) —3—2\/5(3+2\@}

, 6(3+243
=(4-243) __(9___1_2__)

:16—16J§+12+2(3+2J§)

=34-123

B1 X conjugate surd

B2 16-16v3+12, +2(3+243) oe
Al
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2
1y
)7
/ 9,4)
(6,2)
g
0 "
X
SR The.diagram- shows part of astraight line-graph pytax =1 where. ~1- is plotted against l
y X
The line passes through the points .(6,.2) .and .(9,.4). Find.the values of..p.-and-of q. [4]
Solution:
py+agx _ 1
Xy )
x Yy
a.__ p(l)+l §
y X )
L —E(l) L i Ml
y q\x/ 4q
Y=mX+c :
Sub gradient :il:——z— =—2— and (6,2) into
) 9-6 3
Y=mX+c
2
2=—(6)+c
3 (6)
c=-2
s.—=-2 and _P_2 M2
q q 3 .. -
, 1
q = —— and p = — Al
3 §

VICTORIA SCHOOL ' 14/S4PRI/AM/1
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3 " Solve the simultaneous equations
25" = ! (1)
125 )
277 x-1
ﬁv(ﬁ J =217 @)
:Solution:
From (1)
1
1257
|
L 52 = 53".
o 52x _'5—3_v
2x=-3y~-————~—— 3) Al oe
From (2)
277 \/— x-1
—=(f3] =27
()
3Py L1
—-1—+32 2 =33
32 .
33)'—;—(%::—%) _3
3y——x=3-—-——-m——— @ Al oe
~ Sub 2x =-3y into (4) Ml
. 1
3y——x=3
Y 2
- 2x—-—1— x=3
2
—2lx=3
5 .
x= —1l
. 4
Sub x =2 into (3) :y=g
1 4
Sx==l—, y=— A2
5775
VICTORIA SCHOOL' " J4/SAPRUAMIL - -

457
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4  Differentiate and simplify each of the following with respect to x.

(i) - cos*(2-3x) ' (2]

) In(|(2x+1)(3x-4)) (3]

Solution:
0]
d 5
—co0s°{(2—3x
dx ( )

=-2c0s(2 —3x)sin(2 —3x).(-3) B1
= 6sin(2—3x)cos(2—-3x) Al
=3sin[2(2-3x)]

=3sin(4—6x)

ii)
%ln(J(2x+1)(‘3x-—4))

= _%[ L (2x+1)+ %ln (3x —4)] B1 power law, product rule

2
1 3

= +

2x+1 2(3x-4)
_ 6x-8+6x+3

2(2x+1) (32— 4)
_ 12x-5

2(2x+1)(3x—4)

A2 differentiation

Alternative
(i)
d Y
() E-a).

dll. ., . L
=_d;[51n(6x2——5x—4)]_ . B1 power law & expansion

1 12x=5
=E(E}t_x§x-_4) , _Ml differentiation
_ 12x-5
2(2x+1)(3x—4)

Al

VICTORIA SCHOOL - . 14/S4PRI/AM/I
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7

5  Given that f £(x) de= f £(x) dx=55, find the value of

M [ 3£00de+ [0 dx | 3]

(i) the constant k, for which f [ f(x)_-kxz] dx = 6. 21
‘ Solution:

®

[ 3600 dx+ [£00) dx

=3[f f(x)dx+f £(x) dx]—ff(x)dx Bl

=3(110)—55 Bl
=275 Al

(i) _
[[f(0)-k]dax=6 :
[(x)de—k [ 2 dx =6

k[ de=[f(x)dx—6

3P _ .
k[%} =55 -—_6 B1 integration of x? and sub 55
3
<3 - A3
k —5——3— =49
3 3
k=11 Al
-2

" VICTORIA SCHOOL e 14/S4PR1/AM/1
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. . . dy 3. .
Given that the gradient function of a curve, —=k| cosx — 2 sin2x |, where k is a

6
constant and the curve passes thr'ough the points (0,4)and (-725,0) , find the equation of the
curve. {5]

Solution:
Let the curve be y. It passes through (0,4) and (%,O)
dy = k(cosx _3 sin 2x)
dx 4
=k cosx—3—k—sin 2x
4
y= j(kcosx—%k—sin 2x) dx
. 3k '
y=ksinx+—cos2x+c——————————~ @ Al
AL©0.4,
. 3k
4=ksm0+—8—cos()+c M1
4= 2& +c

32=3k+8~-—~————-——————— 2)

At (E,o),

2
O:ksin£+§£coszz+c Ml
0=k +§ék—(—l) +c
0=8k -3k +8¢
-5 =8¢c-—————-——————————— 3)
- .Sub(3)into (2):  32=3k-5k ’ - Ml
. k=-16
- Sub k£ =-16 into (3):
—5(—
c= C16) =10
8
Al oe

. Equation of curve is y =—16sin x—6cos 2x+10 _

. “VICTORIA SCHOOL - 14/SAPRI/AM/1



7  Given that sin A=q where A is an obtuse angle, obtain an expression in terms of g, for

(1) cos 24,
(i) tan’A,
(iii) sin3A.
. Solution:
sinA=gq,cos A=—. 1-¢* tan A= ——2
l—q2
(i) cos 2A=1-2sin’ A
=1-24" - Al
2 -
(ii) tan® A =| —=Z 2] Bl
- Jl—q
2
I+g)1-9q)
(iii) sin3A =sin(24 + A)
~=sin2Acos A+cos2Asin A
=2sin Acos® A+cos24sin A B1 use of formula
2 . _
=2q(—-\/1—q2) +(1'—-2q2)q M1 substitution
=24(1-¢”)+q(-24")
=29-24"+q-2q""
=3g-44’
=q(3-44") Al
Alte_maﬁve,. L
S
if) tan? A =22 :
@) cos? A
2
=—1 Bl
(Hi-2)
=—2— o L Al
(+g)1-9) - I-q '

VICTORIA SCHOOL" - - 14/S4PRI/AM/1
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8 (i) Solve the equation lez - lSl =—X. 3]
(ii) Sketch on the same'diagrém, the graphs of y :i2x2 —15‘ and y=-x. [3]
(iii) Hence, find the solution for [2x* ~15|< —x. [1]
Solution:
(i) |2x2 —~ 15| =—x
2x*—-15=-x or 2x*-15=x M1
2x*+x-15=0  2x*-x-15=0
2x-5)(x+3)=0 (2x+5)(x-3)=0 M1

x=2% or x=-3 x=—-2l or x=3
(NA) (NA)

Sox=-3 01'):'_——2l Al
2

(ii) B1 shape of y=[2x* ~15|
Bl line y=—x
B1 x and y intercepts and label

When |2x2 ~15| =0

2x*—15=0
x=%J7.5
y 4 y=2x*-15]
\ 15
,\\
\
—ol | .
274 ' : —
1
(ii1) —3<x<—25 Al

VICTORIA SCHOOL © - - L4/S4PRUAML
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Solutions to this question by accurate drawing will not be accepted.

The diagram shows a triangle ABC with vertices A(h,10), B(16,6) and C(12,0).
Given that AB = BC,

(i)  find the value of A. [3]

A line is drawn from point B to meet the y-axis at D such that AD =CD. Find

(if) the equation of BD and the coordinates of D.. 4]
(iii) the area of quadrilateral ABCD. [2]
q
Solution:
olution Y

) AB=BC e £,10)

| : - B(16,6
J(h—16)2+(10—6)2 = J(16-12)" +(6-0)’ M1 (16,0

h? =32h+256+16=16+36
W2 —321+220=0 ~
(h—10)(h—22) =0 M1

463

. 0
h=10 or h=22(NA) Al €(12,0)
(ii) Since AD=CD, Alternative
BDis th dicular bi FAC @) 4*+(h—16)> =4*+36 Ml
1s the perpendicu ar.. 1sector o (h—16)* =36 -
MidpointAC=(10+12,10+0) h—16=—6 or h-16=6 Ml
2 2 h=10 or h=22(NA) Al
=(11,5)
6—35 1 ’ Alternative
Gradient BM = =— M1 . . 0-10
16—11 5 (Il) GradleﬂtAc=ﬂ="5
Sub gradient and (16,6) into y =mx-+c¢ 1
1 : Gradient BD = g M1
6='5—(16)+C Ml Sub gradient and (16,6) into y =mx+c
1
o= 2;51_ 6——5—(16)+c M1
» 1 .4 =25
. 'Equationof BD isy=—x+2—" - Al : . {4 .
. ’ 5. S <. Equation of BD is y =§x+2§ Al
.. Coordinate of D is (0,2%). Al ‘ —
1]10 0 12 16 10
(iii) Area =—
2110 28 0 6 10
1r J
—_--2—[(28+0+72+160)—(0+33.6+0+60)] M1

*
=(260-93.6)

=83.2 sq units : S Al

VICTORIA SCHOOL T /S4PRIAMAL
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10  Solve the following equations.

i e -8e+13e =0, [4]

(i) log,(3—x)—log,(x* +15)=—1 (5]

Solution:

() e -8e+13e™ =0
e e—8e+ }iﬁ =0
e
e’ —8ee’+13e=0 M1 multiply by e*
e —8e* +13=0 '
o ~8)EN(B) ~4)(13)
2
e =2.268 or e =5732

x=0.819 or x=1.75 A2

Ml

(i) log,(3—x)~log,(x*+15)=~1
log, (x* +15)

log,(3—x)— oz, 4
2

=—1 - Ml Change of base law

1og2(3—x)—%1og;(x2+15):—1

log, (j—i—) =log, 2™ M1 quotient law & power law
Jx*+15
N _B:x_:l M1 anti log
Vxi+15 2
V2 +15 =6-2x
x*+15=36-24x+4x
3x?-24x+21=0

R -8x+7=0
(x=T)(x-1)=0 M1
x=7 or x=1 Al
NA

VICTORIA SCHOOL ' 14/S4PR1/AM/1
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Alternative
(i) log,(3~x)~log,(x*+15)=-1
log, (x* +15)

log, (3—x)- log. 4
log, (3 x)—%mgzz(f +15)=-1

2log, (3- x)—log, (x* +15)=~2

1 (3-%)° 2

og, =—

&2 2 +15

. 9—‘6)C‘+X2 =2_2-
X2 +15

X +15=36—24x+4x>

3x%—24x+21=0
x*—-8x+7=0
(x—-N(x=1)=0
x=7 or x=1
NA

M1 change of base law

M1 quotient law & power law

M1 anti log

M1
Al

. VICTORIA SCHOOL o - 14/SAPRI/AM/1
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11  The function f(x) =2-3sin3x is defined for 0< x< 7.

(i) State the period and amplitude of f. (2}
(ii) Solve f(x)=0for 0<x< 7. 3]
(iii) Sketch the graph of y=f(x) for 0<x< 7. 3]
(iv) On the diagram drawn in part (iil), draw the graph of y= 2 +1. (1]
/4
(v) State the number of solutions, for 0 < x <7, of the equation 1 +2£ ~3sin3x=0. [1]
: /1
Solution:
. . 27 )
@) Period = 5 amplitude =3 B2
() f(x)=0 ' 0<x<7z
2—-3sin3x=0 0<3x<3x
) .
sin3x=—
3x in 1st/2nd quad
BasicO =0.7297 Al
3x=0.7297, n-0.7297, 27x+0.7297, 37z-0.7297 4
"x=0.243, 0.804, 2.34, -2.90 A2
(iit), B1 for shape and y values (iv) B1 for straight line
B1 for x intercepts & values
B1 for y values o
YA
(z ’ 5)
2
5 . -//"" \\\.
7 AN
/r" ‘\'\
\\_\ ) - _ . 3
, ; \ y=2-3sin(3x)

0243 0.804

()
6

v - 1+-21—3sin3x=0
/1

2—35in3x=—-2—x—+1
T

. . There are 4 solutions. Al'

'VICTORIA‘SCHOOL S ’ . - 14/S4PR1I/AM/1
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12  The expression 2x’ +mx” + nx+3, where m and n are constants, has a factor of x—1

and leaves a remainder of —9 when divided by x+2.

) (i) Showthat m=-1and n ——d.
(ii) Hence solve the equation 2x° —x* —4x+3=0

3x'+4 . . .
3 3 in partial fractions.

(iii) Express™
(i) P X —-x—4x+

3]

(3]

(51

-~ Solution:

(i) Let f(x)=2x+mx’+nx+3
By factor:theorem,
fF)=0
24m+n+3=0
m=-n-—5
By remainder theorem,
f(—2)=—
2(-2)® +m(-2)* +n(-2)+3=-9
—16+4m~2n+3=-9
dm—-2n=4
Sub (1)into (2): -
4(-n—5)—2n=4
—4n—-20-2n=4
—6n=24
n=-4
Stib n=-—4 into (1) ,

.. m=—1 (shown)

(i) Let2x’—x*—4x+3=(x— 1)(ax +bx+c) 0
R :'Comparmg coefﬁc1ent of - ’
2=a- o
A' 'x°: 3=—¢  fc=-3
x*: ~1=b-a .~b=1
228 —x'—4x+3=0

(x—D2x*+x-3)=0 Al for (2x* +x-3)

x-D(x-D2x+3)=0 M1
sox=1 orx=—1-1— Al
2
ViCTORIA_-SCHOOL ) 14/S4PR'1/M 1

Al sub and follow through

- Alternative

2 +x-3

@) x-1)22" -2 -4x+3

2x —2x*

x*—4x

W2
X —X

—3x+3
—3x+3

0
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2 2
B
(i) Let 3?:Jc7+4 _ 3x2+4 - A + 4 C M1
2 - —4x+3  (x—-1*(2x+3) x—-1 (x-1* 2x+3
3+ 4= A= 1D(2x+3)+ B2x+3)+ C(x-1)
When x =1,
7=58 - B=1 T Al
5
1
Whenx=-1-—,
2 .
02=6lc - =% Al
4 4 25
-Comparing coefficient of x*:
3=24+C - oa=18 Al
: 25
3x*+4 16 7 43
Y = + 7t Al
2x° —x*—4x+3 "25(x—1) S5(x-1)*  25(2x+3)

End of Paper
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446
Mathematical Formulae

1. ALGEBRA
' Quadratic Equation
For the equation ax* + bx + ¢ = 0,
—b + Jb* - 4ac
x =
. 2a
&

Binomial Theorem

n _ _n n o n-1 1n n-2y2 n, n-ryr n
{a +b) =a" + 1ab+2ab+...+ at'by + ...+ b,
r

n! _ n(n-1)..(n—r+1)

) {n
where n is a positive integer and =
r ri(n — r)! r!

2. TRIGONOMETRY

Identities
sinA + cos?A = 1
sec’A =1 + tan’ A
_ cosec’A =1 + cot’ A
~sin(AxXB)= sinﬁAcos B+cos Asin B
cos(A+ B)=cos Acos B ¥sin Asin B
tan(A+ B) = tinAitanB
o 1¥tan Atan B
sin2A=2sin Acos A
cos24 =cos’ A~sin® A=2cos’ A-1=1-2sin? A
2tan A

1-tan® A

. Formulae for AABC~
. _ - . .; b e

sinA sinB sinC
a? =p* £ - 2bccos A

A= labsin c
2

VICTORIA SCHOOL - C ‘14/S4PR1/AM2 o
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sin(A+ B) +sin(B - A)

= _CcotA. - 3]
cos(A+ B)—cos(B— A)

1 (i) Prove that

sin(A+ B) +sin(B— A)
cos(A+ B)—cos(B—A) _
intermsof 7. ' [4]

(ii) Hence, solve =4cos> Afor0< A <, giving your answers

10
2  (a) Write down and simplify the first three terms in the expansion of (x + > J
200x

in descending powers of x. Hence evaluate (1.005)10 correct to five significant
figures. . ' (4]

X

4
(b) Find the coefficient of the third term in the expansion of (a - l) and the

6
. . . x) .
coefficient of the second term in the expansion of (2 +-—) in terms of a.
a

6
If the coefficient.of the second term of (24—-{) is four times the coefficient of the
a
1 :
third term of (a - ——) , find the value of a. _ 4]
X

3 The roots of the quadratic equation 2x” + x—5=0 are a' and f.

(i) Express o’ —of + ° interms of (o + ff)andaf . [1]
(i) Hence, find the exact value of &” + 7. 3]
(iii) Find a quadratic equation whose roots are ¢*and °. (4]

"4 () Differentiate —— with respect to x. ‘ i3]
_ , sinx ' o A _ o 4
’ | A - 37 ~1 x CAOSA o L .
(i) Using your answer to part (i), find J' 2 ( - _xco x] . , s
- 5 \sinx sin’x

VICTORIA SCHOOL : - 14/S4PRUAM/2
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4

A curve has the equation y = f(x), where f(x)=(2-x)e™".
(i) Obtain an expression for f'(x).

(i) Find the equation of the normal to the curve at the point where the curve crosses
thex-axis. Leave your answer in terms of e.

(itfi) Determine, with explanation, whether f is an increasing or decreasing function

for x<21.

A circle with centreC passes through points A (~1,7)-and B (0,8).
(i) Explain why the perpendicular bisector of AB will pass through C.

(i) Given further that the line y = 2x —2 passes through the centre of the circle,
- show that the coordinates of C'is (3;4).

(ili) Hence, find the equation of the circle in the general form.

(a) Find the exact values of k for which the line y—3x =k is a tangent to the
curve y* +4x+5=x".

(b) Calculate the smallest negative integer k for which the equation
y =4x* +(12—4k)x+15—Tk is always positive for all real values of x.

(c) Solve the inequality 4x* —1> (2x +1)(x - 3).

‘Answer the whole of this question on a sheet of graph paper.

The population P, in millions, of a country was recorded in certain years and the results
are shown in the table below:

Year | 1978 | 1984 | = 1988 1993
P_| 1240 1448 | 1676 2122

It is given that P =10+ ab” , where x is the time measured in years from January 1975
anda and b are constants. By plotting 1g(P —10) against x, draw a line graph for

the given data for 0 < x <20-..Use.a scale of 2 cm-to represent 0.1 units-on:the - - - -
verticalaxis and 4 cm to represent 5 units on the horizontal axis. 4]

~ Use your graph to estimate,

(i) the valué of q and of b. - 4 31

- (i) -the year in which the population will reach 23.8 millions.

VICTORIA SCHOOL = . - 14/S4PRUAMA2 -
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In the diagram, ABRQC represents a cycling course. From pointA, a cyclist travels along
straight tracks AB, BR, RQ and QC, returning along the track CA to finish at A. The total
length of the course is L km.

It is given that AB = 6km and P is the mid-point of AB. The length of each of the tracks
AP, PB and BR are equal and track QC is also perpendicular to track AC. TrackQRis
parallel to the trackACand angleBACis 6°.

(i) Show that L can be expressed as p +gsin@ + rcos@, where p, g and r
are constants to be found. . (3]

(i) Express L in the form p + Rcos(8 - ) where R >0, and o 1s acute. (51
The total length of the course is found to be 16.5 km.

(iii) ' Find the value of 6. ‘ 2]

" AN

3xcm

hcm

(=

- The diagram shows a solid comprising of a right-circular cone of height 3x cm sitting
ona cylinder of base radius x cm and height  cm. The volume of the solid is 250 cm’.

{i) Express hin terms of x and hence shoW that the total surface area, S cm?, of the
solid is given by S=z(+10—1) x> +§@ . (6]
x

' (ii) Given that x can vary, find, the value of x for which S has a statibnary value. Find
this value of § and determine whether it is a maximum or a minimum value. 4]

VICTORIASCHOOL ~ ~ .- * .~ 14/S4PRUAM/2
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11 (a) The diagram below shows part of the curve y =2Inx and the line x = 5.

y“ x=5

- >
Find the )
(i) coordinates of P, _ ‘ [2]
(ii) area of the shaded region. [3]

(b) The concentration of caffeine, C %, in Peter’s blood when he drinks a cup of
coffee in the morning is represented by C = 0.2xe™"**, where x is the number of

hours after drinking a cup of coffee.

(i) Calculate the valué of C when x = 2. [1]

(ii) Find the rate of change of caffeine concentration in Peter’s blood, 1.5 hours

after drinking a cup of coffee. [3]

(iii) What is the maximum level of caffeine concentration in Peter’s blood in the

3]

morning?

End of Paper |
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7
2014 A MATH PAPER 2 ANSWER KEY
7 I 1l
1 i) Proof i) A=—,—,—
@@ roo (ii) > 12
2 2
(@ x° FRLIE N 2 xt 4., 10511 (BT, =6a°, T, :lg—, a=2
20 8000 © o a
i) o*-af+p= (a+ﬁ)2 —30f (ii)a* + 7 :5%(iii)8x2 +31x-125=0
2{sinx—2
@ i( ?x ) _ (sin x. : XCOS X) (i) —6.28
dx\ sinx sin” x
5 (@) .f'(x)=e(3x—7)(@i)y=e’x—2¢° (jii) decreasing function
6 (i)By the property of circle, the perpendicular bisector of a chord passes through the centre
of a circle.
(i) Proof i) x*+y*—-6x-8y+9=0
7 () k=-6+6J2 or k=—6—6\/—2_(b)—2(c)x<—2 or x>—%
8 (Ha=178, b=1.12(ii)1995
9 (i) L=9+9cos@+3sind (ii) L =9+9.49cos (8 —18.4°) (iii) @ = 56.2°
3
- 5
10 ()h= 2-5—07;—5”—, § =z(~10-1)% +2% i) x =333 cm , Minimum § = 225
X x
11 (a) () P(5,2In5) (i) 8.09 units’

(b) @) 0.0109 (ii) —0.0228 % per hour (iii) 0.0409 %
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Mathematical Formulae

1. ALGEBRA
:'.{Qﬂddrdﬁ&;]iquation
For the equation ax” + bx + ¢ =0,

b + Jb* - 4dac
2a

X =

Binomial Theorem

( n __ _n n | n—1 n n-232 n . _n-ryr n
va+b)—a+1ab+2ab+...+ a”’b" + ..+ b",
r

) L . An n! n(n—-l)...(n—r+1)
where n is a positive integer and = =
r ri(n — r)! r!

2. TRIGONOMETRY

Identities -
sin?A + cos?A =1
sec’A =1+ tan® A
cosec’A =1 + cot’ A
sin(Ax B)=sin Acos Bxcos Asin B
cos(A+ B)=cos Acos B FsinAsin B
t +
tan(A+B) = M
, 1¥tan Atan B
sin2A =2sin Acos A
cos2A =cos> A-sin? A=2cos> A—-1=1-2sin? A
tan2A = ___Ztan;i
I—tan“ A
‘Formulae for AABC -
| - - a b c

sinA sinB  sinC
a® =b* + % - 2bccos A

A= labsinC
2

VICTORIA SCHOOL - - [4/S4PRIAM/2
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, sin(A + B) +sin(B — 4)
P that : = —CotA. 3
W Provehat A+ B)—cos(B—A) 1l

- sin(A+ B) +sin(B—-A4) _ sin Acos B+ CosAsin B +sin BcosA—cosBsin A (B1]

“cos(A+ B)—cos(B—A) cosAcos B—sin Asin B— [cos Bcos A-+sin Bsin A]

_ ‘2sinBcos A

~ —2sinBsin A
_cosA

(B1]

sin A '
=—cotA (shown) -——- [Al]

471

sin(A + B) +sin(B — A)
o cos(A+ B)—cos(B— A)
in terms of 7. [4]

(ii) Hencq, ;sfblve =4cos®’ AforO<S A< 7, giving your answers

sin(A + B) +sin(B —_A) — 4cos?
cos(A+ B)—cos(B—A)

s.—CotA =4cos’ A v [B1]
—cos A =4cos® Asin A

4cos® Asin A+cosA=0

cos A(4sin AcosA+1)=0 - [Mi1]
=>cosA=0 or 4sinAcosA+1=0
A ___ZZC_ e [A]] 2s5in2A=-1
sir12A=—l
2

. basic Z, a=£
6

2A.—_Zf,_1_1_7£
6° 6
Iz iz

A=Z == Al
12712 [ ]_,
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4

10
2  (a) Write down and simplify the first three terms in the expansion of (x + 5 }
200x

in descending powers of x. Hence evaluate (1.005)'° correct to five significant

figures. [4]
10 2
10 10
X+ 1 7‘] :x10+ xg( ! 7)-*-» xg( ! 7) + s - [Bl]
200x” 1 200x" 2 200x"
= x'° +Lx7~+Lx4 Foe e [Al]
20 8000

10
(1.005)]0 = (x + E(!)Bj , wherex=1.

w0 1,47 9 4 S
- L)Y 42— (1) s e 1
(1) -+20(1) +8000(1) SE [M1]
=1.0511 ——[Al]

4
(b) Find the coefficient of the third term in the expansion of{a-—‘ l)"s'and the
x

6
. . . x\.
coefficient of the second term in the expansion of (2 + —) -in-terms of a.
a

6
x\) . . )
—) is four times the coefficient of the -

If the coefficient of the second term of (2+
g a

4
third term of (a — l) ", find the value of a. {4]

X
. 4
For, (a—-l—) ,
X
4 1Y 6a
Ez(z]az(m;) e

6
For, (2+-£) s
a
T = 6 5(1)_22_,5
P a a

) CoicffivOfT3 = 602' ———- F[A.l] Coeff.of T. '='19_2 __________ [Al]
,_ Lof T, - \
ot 4
Since, 22 = 4(6a*) — — [M1]
a
- 48 =64
a =8
a=2 ——0-I[Al]
VICTORIA SCHOOL T4/S4PR1/AM/2
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3 The roots of the quadratic equation 2x* +x—5=0 are « and 3.

(i) Express @’ —of+ B in terms of (a+ f)andof .

% ;qﬁ+,82 = ‘(0{+IB)2 ~3af S [B1]

(i) Hence, find the exact value of a” + 32.

S 5 _ ) A
o+f gRry off =—= - [B1 - for both]
st —of+ B =(a+ p) -3aff —— Ml]

= o+ =(a+f) -20

(-3
2 2
R i

L _54 e [Al]

(iii) Find a quadratic equation whose roots are ¢’ and 8°. -

P+ f=(a+f) (o’ —ap+ ) — (B1]
=(a+ﬂ)[(0€+ﬁ)2 _3“'8]

L

- 125
e pu— .\ |
= [Al]

EQua‘tibn with new roots; .'
8 8
31

8x* +31x—125=0

. VICTORIASCHOOL ~ - - °  14/S4PRI/AMP2
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4

®

6

. . 2x .
Differentiate —— with respect to x.
sinx

d (ZX )_ ZSin'x,: chosx

et — {B2]
dx\ sinx sin® x
2(sin x — xcos x)
= , (A1)

)
Sin” x

(ii) Using your answer to part: (i), find '.J-; . ( 1 _ xcos x) dx.
5

— —;
Sinx S~ x

3z o ‘ K 4 .
Iz ( 1 _)ccosx)dx___‘-‘-Er [smx—xcosx)dx‘ (B1]

Z \sinx sin’x sin® x
1 [ 2(sinx—xcosx)
=12 dx {M1
2 I%{ sin’ x il
- .
:l{ 2x ] [Al]
2lsinx | =
:1[275_2] ....... [M1]
21 -1 1
=27
=628 (3 SF) -— [Al]

. - VICTORIASCHOOL . -~ * . 14/S4PRUAM/2 -
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(i) Obtain an expression for f'(x).

A curve has the equation y = f(x), where f (x) = (2— x)e

475

-3x

(2]

L f(x)=-3(2-x)e”" +(-1)e” ———-[B1]
=™ (6+3x-1)
=77 (3x-7)

(i)

thex-axis. Leave your answer in terms of e.

Find thé%quation of the normal to the curve at the point where the curve crosses

(5]

At f(x')"__z 0,
-x)e 0
=>x=2

The curve passes thru' the x —axis at (2,0).
Atx=2, -
~f'(2)=€*(6-17)

=—e
=> Gradient of normal at x = 2 is e°

- Eqﬁafton of normal: y = ¢° (x—2)

(iii)

for x< 2—1— ;
3

Determine, with explanation, whether f is an increasing or decreasing function

(2]

f'(x)=€>(3x-7)

= Forx<2%, e >0and (3x-7)<0
1 ne™(3i7)<0 |
=f'(x)<0

s Forx< 2%,f is a decreasing function. ----—— [A1]

. VICTORIA SCHOOL " 14/S4PRI/AM/2
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6

A circle with centreC passes through points A (~1,7) and B(0,8).

(@)

(i)

(iii)

8

Explain why the perpendicular bisector of AB will pass through C.

(1]

- By the property of circie,» the perpendicular bisector of a chord passes through the

centre of a circle. ------ (B1]

Given further that the line y = 2x 2. passes:through-the centre of the circle,

show that the coordinates of C is (3,4).

’

2 2
1 15
(55w

8-7-

o-(1)

Mid-point of AB = [_1 +0 ﬂ)

Gradient of AB =

-.. Gradient of L bisector AB = —1 - [M1]

.. Equation of Gradient of L bisector AB,

=)

y=—x+7 - ¢S
Given: y = 2x—2 - )
Solving (1) & (2),
2x-2=—x+7 ——-- M1]
3x=9
x=3

Subst. x =3 into (1), = y =4.
-+ Coordinates of C are (3,4) (shown). - 1A1]

Hence, find the equation of'the circle.in the:general form.

| Coordinates of Centre is (3.4).

‘Radius '='.\/(3' —O)2 +((8 _":4))2 Vi

=5 units V
Eqn.: (x,—”'j)2 +V(y—4)42. =5 M1} -
In general form;
x*—6x+9+y* -8y +16=25
X+ y2 ~6x—-8y+9=0  -——[Al]

VICTORIA SCHOOL - " - 14/S4PRUAM/2
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9
7 (a) Find the exact values of k for which the line y —3x =k is a tangent to the
curve y* +4x+5= x. 5]
y=3x=k=y=3x+k — (1) & y* +4x+5= x> @)
:Subst (1) into (2);
(3x+k) +Ax+5=x" M1]

19X + 6k KE — X +4x+5=0

8x’ +(6k+4)x+(k2+5) 0

Since y —3x = k is a tangent to the curve,

- (6k+4)" —4(8)(k* +5) =0 —— M1 B1]
(3k+2)?~8(k2+5):0" |

Ok? +12k +4-8k* —40=0

k* +12k=36=0 -
—12:(~12)" —4(1)(-36) |
k= {M1]
21
k=—6+632  or k=—6-6J2 [Al o]

(b) Calculate the smallest negative integer k for which the equation
y=4x" + (12— 4k)x+15 — Tk is always positive for all real values of x. 3]
Sincey > 0,= 4x* + (12— 4k) x+15—-7k > 0.

s b*—4dac <0
(12-4k)* —4(4)(15-Tk) <0 ——— [B1B1]
(3-k)" —(15-7k) <0
9—-6k+k*> —15+7Tk <0 \
+ +
kK -k-6<0 -3\.//2
(k+3)(k=2)<0 -
=-3<k<2
. Smallest negative integer of k is — 2. ~—— [AI]

(¢) Solve tﬁé':?inequal'ity4x_2 —-1>(2x+1)(x-3). _ (2]
4x* -1>{2x+1)(x-3)
4x* 1> 2x* -5x-3 \ /

2 +5x+2>0 ' bl A

NS
(2x+1)(x+2)>0-——M1] :
Sx<-2 or x> —-;— ---—-[Al]‘»

© VICTORIASCHOOL ~ .- - -~ ° 'l4/S4PRI/AM/2
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10

8  Answer the whole of this question on a sheet of graph paper.

The population P, in millions, of a country was recorded in certain years and the results
are shown in the table below:

Year 1978 1984 1988 1993
P 12.40 14.48 16.76 21.22

It is given that P =10+ ab”™, where x is the time measured.in years from January 1975
anda and b are constants. By plotting. lg(P —10) against-x, draw.a line graph for
the given data for 0< x < 20...Use a scale of-2:cm to represent 0.1 units on the

verticalaxis and 4 cm to represent 5 units on the horizontal axis. [4]-
x 3 9 13 [18
lg(P-10) 0.380 .| 0.651 |0.830 | 1.05 | ....[B1 with at least 3 SF]

[M1 --- Plot Points correctly]
- [M1 --- Best-Fit Line]
[M1 --- Label axes, -origin

Use your graph to estimate,

(i) the value of a and of b. , 31

P =10+ab’

P—-10=adb”
lg(P-10)=(lgb)x+Iga —— [Al]
lga=0.25

= a=1.78 —-[Al]

. 1.03-0.55
Gradient =1gb = TR [M1] [with gradient A or-coordinates]
=0.049485
=b=1.12
(i) the year ip wmch the populatioh will reacﬁ 23.8 millions. ‘ ‘ 3]
Atp =238,
~1g(P-10)=1gI3.8 -
=1.14 e B1]
From the graph, corresponding value of x is 20. ~—— [A1]
~. The year willbe in 1995. ——-—-[Al]

VICTORIA SCHOOL . * 14/S4PR1/AM/2
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9  Inthe diagram, ABRQC represents a cycling
course. From pointA, a cyclist travels along
straight tracks AB, BR, RQ and QC, returning
along the track CA to finish at A.

The total Length of the course is L km.

It is given that AB = 6km and P is the mid-
point of AB. The length of each of the tracks
AP, PB and BR are equal and track QC is also

perpendicular to track AC. TrackQRis parallel to the. trackACand angleBACis 6°.

(i) Show that L can be expressed as p +gsin 49 +rcos 9 where p,gand r
* areconstants to be found.

AP=PB=BR=3
/BRQ = /BPR =0
S OR=3cos@,AC =6¢cos8 & BC =6sin8f -

~.0C =%Bc =3sin @

=>L=AB+BR+QC+AC+RQ
=6+3+3sin@+6cosf+3cosf —--—-[M2]
L=9+3sin@+9cos@ - [Al]

(ii) EXpress L in the form p + Rcos(@ — ) :where R>0, and ¢ is-acute.

L=9+9cos@+3sin@=9+ Rcos(&—d)
=9+ Rcosfcosa+ Rsinfsina —-—--- [Bl]
Comparing both sides,

= Rcosax =9 -—- (1), Rsino =3 —-- 2
1) +(2)° : R*(cos’ a+sin’@)=9"+3* .| —[M3]
= R=+/90 =9.49 (3 SF)

(2)=(1): tana:% ~a=18.43° —

2 L=9+9.49c0s(6—18.4°) e [a1]

* The total length of the course is found to be 16.5 km.

(iii) Find the value of 6.

9++/90 cos (6 -18.43°) =165 -——— M1]
90 cos (6 -18.43°)=7.5
| §-18.43°=37.76°
6=56.2° (1 DP) ——- [Al]

."VICTORIASCHOOL- - - °° 14/S4PRUAM/2
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10  The diagram shows a solid comprising of a right-circular
cone of height 3x cm sitting ona cylinder of base radius x cm
and height  cm. The volume of the solid is 250 cm’.

(i) Express & in terms of x and hence show that the total
surface area, § cm?, of the solid is given by

S=n(10-1)x> R (6]
Ly x

X Cm

3xcm

hcm

Vol. of cone = —1?;7rx2 (3x) =7’

Vol. of cylinder = zx* (k) = zx’h
R A 2 | — B1]
Zx*h =250 -7 x’
250 7x°

X

h (Al]l

Slant height of cone, I = y/(3x)" +(x)’

=+/10x"
l=x/ﬁ)_x

= 7J10x”

Surface area of cylinder = 27zxh + 7z x”

wx’

500-27x
=—+7x
X

5
=—O—9-27cx2 +7x?
Cox

=——7x’
, ’ ‘X ) .
e P 2, 500
.. Total:Surface Area of solid, § = ﬂ'\[ﬁx +—
= 5§ =x{Vi0-1) % +22
pe

‘C’urvéd surface area of cone = ﬂ(x)(\/l—() ) ------- - [M1]

—7x*

_ 3
=27Tx (MJ +7xE e M1]

—— 1]

——[Al]

VICTORIA SCHOOL, 14/S4PRI/AM/2 ~
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(i) Given that x can vary, find, the value of x for which § has a stationary value. Find
this value of S and determine whether it is a maximum or a minimum value.

B :‘ﬂ(‘/ﬁ_l)xz +5ﬂ -

X

Atx=3.326, —->0= Minimum ----—-
7 dx

- Minimum S = n(«/ﬁ - 1)(3.326)2 + 35;);)

S =225 (3 SF) ——— [A1]

ds 500
-2 s ox (W10 -1) -2
dx ﬂx(\/.“ ) x*
At stationary point, 27z'x(\/1_6 - 1) - SOP =0
X
s 500
22(\10 1)
x=3326= x=3.33 cm (3 SF) - (a1l
ds 1000
— =27(V10-1)+ >
d’s

(M1]

" VICTORIA SCHOOL 14/S4PR1/AM/2
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11 (a) The diagram beélow shows part of the curve y =2Inx and the linex=>5.

=2inx
Py ————

Find the™

@) coordinates of P, [2]
Fory=2Inx
Atx=5, y=2In5 --—--[M1]
= P(5,2In5) --—[Al]

(i) area of the shaded region.

Area of rect. =5X2In5=10In5

Sincey =2Inx
1 >

Inx=—y=>x=e?
2

1
Area enclosed by x = ¢? and y — axis

2In5 -—l-y

= e dy - M1]

]
— 2[eln5 _1] |
=8

= 8.09 units” -——{A1]

14/S4PR1/AM/2

(3]

Alternative solution

Sincey =2Inx
1 L
Inx=§y:> x=e?

1
Area enclosed by x = ¢? and y — axis

1
= 5(5—132’ ]dy —[M2]

| oms
:{Sy—Zezy] |
: 0

=[101n5 26 +2]
=[10ln5-10+2]
=8.09 units®> ——[Al]
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(b) The concentration of caffeine, C %, in Peter’s blood when he drinks a cup of

coffee in the morning is represented by -C = 0.2xe™"**, where x is the number of
hours after drinking-a cup of coffee.

- (i) Calculate the value of C when x = 2. i

(11
C=02xe"*
Atx=2,
C=02(2)e™*
=0.0109 (3 SF) - [Bi]

(ii) Find the rate of change of caffeine concentration in Peter’s blood, 1.5 ho‘u:-rs‘ .
after drinking a cup of coffee. 31
C =02xe¥

e dC -1.8x -1.38x
—=0.2¢ +0.2x(—-1.8¢7 "7} - Bl1] .
dx ( ) — Bl
=_O.2e“1'8"'(»1 ~1.8x)
Atx=1.5,
dC ~1.8(1.5) 1<
—=0.2 1-1.8(1.5) | -—-[M1

X

—-0.0228 % perhour. (3SF) - [A1]

(iii) - What is the maximum level of éaffc,ine concentration in Peter’s blood in the

3]

morning?

e o

Since e =0 (NA),
S 1-18x=0= x=0.55556

2
‘fixf =-036e"*(2-1.8x)

d*c

Atx= 0.55556, Iz <0 = Maximum -~ [Al]
- Maximum C =02(0.55556)¢™5055%)
=0.0409 % (3 SF) - [Al]
End of Paper
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