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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equation ax” +bx+c =0,

. —-b++b* —4ac

2a

Binomial Expansion

( n_ _n n n-1 n n-2 3.2 n n-r gr ‘ n
a+b)'=a" + R N L A e I A
< v

n! :n(n—l)...(n—r+l)
r!(n—r)! r!

: e n
where n is a positive integer and ( ):
#

2. TRIGONOMETRY

Identities

sinA+cos A=1
sec A=1+1an" A

cosec A=1+cot’ A

sin (A4 + B):sin Acos B+ cos Asin B
cos (A4 + B) = cos Acos B F sin Asin B
tan A4+ tan B

]+ tan Atan B
sin2A = 2sin Acos A

cos2A=cos " A-sin"A=2cos’ A—-1=1-2sin"A4
2tan A
l1-tan’4

tan(4+ B)=

tan2A4 =

Formulae for AABC
a b c

sind sinB sinC
a’=b"+c’ = 2bc cos A

1
area of AABC = 5 ab sin C
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(1) Sketch the graph of y =8x~' for x > 0. [1]

(11) On the same diagram, sketch the graph of y = %xg for x>0. 1

(1)  Calculate the exact coordinates of the point of intersection of the graphs.
(2]
(iv)  Determine with explanation, whether the normal to the graphs at the point

of intersection are perpendicular. [2]

The cubic polynomial f(x) is such that the coefficient of x’ is 1 and the roots of
f(x) = 0 are -1, m and 2m, where m is an integer. It is given that f(x) has a
remainder of 6 when divided by x—1.

(1) Find an expression for f(x) in descending powers of x. [4]

(ii)  Hence or otherwise, solve the equation y° —5y" +2y° +8=0. [3]

A cuboid has a square base of side (2 + a\/—j) cm, where a 1s an integer. The
height of the cuboid is (1 + x/?_)) cm and 1ts volume 1s (\/ﬁ -5)cm’.

(1) Find the value of a. (3]

(11) With the value of a in (1), find the total surface area of the cuboid in the

form ( p+ q\[?;) cm’, where p and g are integers. [2]
p

The equation of a curve is y = x” +3x. A straight line has equation y = mx—-9.

(1) Explain why the straight line is a tangent to the curve when m =9 . [2]

(i)  Find the other value of m for which the line v = mx—-9 is a tangent to the
curve. [3]

(1i1)  State the set of values of m for which the straight line does not intersect

the curve. (1]
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5. The diagram shows part of the graph of y = |2x— l| -2.

4 3/

/"
o

v

>~

(1) Find the coordinates of 4 and of B. [2]

(11) Explain why the lowest point, C, on the graph has coordinates (% , —2).
(2]

(111)  In each of the following cases, determine the number of intersections of
the line y=mx+c¢ with y = |2x ~ ]| — 2, justifying your answer.

(@) m=-2 and ¢ > -1 [2]
(b) m=1and c<-3 [2]
6. In a simplified prey-predator model, some wolves were deliberately introduced to

an island to curb the population of wild rabbits. The population of rabbits, R, was

given by R =400+ 6000e ™" | where 7 is the number of days since the

introduction of wolves.
(1) Find the initial population of wild rabbits on the island. [1]

(11) After how many days would the population of wild rabbits first drop by
40%? (2]

(11)  Explain why the rabbits would never extinct on the island in the long run.

(1]
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Solutions to this question by accurate drawing will not be accepted.

7-
v 42,7
D(-2,1)
B(8,4)
> X
0
E
C
The diagram shows a trapezium ABCD in which AD is parallel to BC. The points
A, Band D are (2,7), (8, 4) and (-2, 1) respectively. The point £ is on BC and DE
passes through O.
(1) Show that ABED is a parallelogram. 2]
(11) Find the coordinates of E. [2]
Given that CD = CE,
(1)  find the coordinates of C. 4]
(iv)  find the ratio of the area of triangle CDE to the area of ABED. [2]
: . . . cot A+1
8. (a) (1) Without using a calculator, prove that cot(45° — 4) = .
cot A—1
(3]
(11) Hence find the exact value of cot15°. [2]
(b) Find an expression for f(x) such that
. o 2 T 2 2 1
f'(x)= 3sm'(5x—-—‘—1—)+cos‘x——lan'Ex. (3]
CCHY Prelim Exam (2015) Additional Mathematics Paper 1 /Sec 4E/5N(A) pg 5of 7



9. 1) Express ?—?-—— as the sum of 3 partial fractions. [4]
2

1-x)
(i)  Hence find | Bx-3 &, [2)
x (1-x)
10.  The equation of a curveis y =xe " .

@) Find the set of values of x for which y is an increasing function of x.

(2]
(i)  Find the coordinates of the turning point and determine whether the
turning point is a maximum or minimum. [2]
11.  The diagram shows a solid container consisting of a cylinder with a hemisphere

dug out. The radius and height of the cylinder are » cm and /4 cm respectively.

rcm

hcm
(1) Express / in terms of 7 given that the external curved surface area of the
cylindrical part of the solid is 12007 cm’. 2]
(i)  Express the volume, ¥ em’, of the container in terms of r. [2]

(iii)  The solid is heated and it expands at a rate of 0.81 cm’/s. Find the rate at
which its radius increases when the height is 60 cm. [3]
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Answer the whole of this question on a piece of graph paper.

12.  The table shows experimental values of the two variables, x and y.

x 0.5 1.5 3 4.5 5.5 6

y 443 | 529 | 744 | 114 15.7 18.7

It is known that x and y are related by an equation of the form y =ab”™ +e, where
a and b are constants.

1) Explain how a straight line graph may be drawn to represent the given
data. [2]

(i)  Draw this graph for the given data and use it to estimate the value of a and
of b. (4]

(iii) By inserting another suitable line on your graph, solve the equation

X%

ab* =5e 2. [3]

END OF PAPER
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equation ax’ +bx+c =0,

‘o —-b++b’ —4ac

2a

Binomial Expansion

(a+b)"=a" +(’]1) a™’ b+(’27) a” b +...+(n) a”" b +.+b"
r

n! =n(n—])...(n—r+1)
ri(n—-r) r!

: s n
where 7 is a positive integer and ( )=
¥

2. TRIGONOMETRY

Identities

sin*A+cos*A=1
sec A=1+1an’A

cosec A=1+cot’ A

sin (4% B) = sin Acos B + cos Asin B
cos(AiB): cos Acos B+ sin Asin B
tan4+tan B
l¥tanAtan B
sin2A4 = 2sin Acos A

cos2A=cos *A—sin "4 =2cos’ A—1=1-2sin"4

2tan 4
1-tan’4

tan(4 + B) =

tan2A4 =

Formulae for AABC
a b ¢

sind sinB sinC
a’=b’> + ¢’ —2bc cos A

1
area of AABC = > absin C
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1. (1) Sketch the graph of y =8x~" for x> 0. [1]
] 2
(11) On the same diagram, sketch the graph of y = le for x>0. 1]
(iii)  Calculate the exact coordinates of the point of intersection of the graphs.
(2]
(iv)  Determine with explanation, whether the normal to the graphs at the point
of intersection are perpendicular. 2]
Ans: y A
1 2
.
) Y= A X
1 mark for each graph
(i) y=8x""
> X
(i)  y=8x"'
1
=%
8x~' = l Jr;2
4
2
x? =32
= 32§
T e M1]
= (25)‘5 =22 =4
y=84")=2
The coordinates are (4, 2). ------ [Al]
. o dy 2
(iv Y g A P
) Yy e
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3 1

s lad 3
4 “dx 8
When x =4,
% =8x72 =—8(4‘2)=——;-, gradient of nqnnal =2
1

Q=§-x3 =£:§,gradient of normal = 4
ax 8 8 4 3
2x—f‘—=——¢—1 ------ [M1]

------ [Al]
OR

@=8x 2 =-8(4 e

dx 2

& 35 W43 '

dx 8 8 4

et e — [M1]

Since the tangents to the curves at the point of intersection are not perpendicular,
the normals at that point are also not perpendicular. ------ [Al]

2. The cubic polynomial f(x) is such that the coefficient of x* is 1 and the roots of
f(x) =0 are -1, m and 2m, where m is an integer. It is given that f(x) has a
remainder of 6 when divided by x—1.

(1) Find an expression for f(x) in descending powers of x. [4]
(i1)  Hence or otherwise, solve the equation ° —5y* +2y° +8=0. [3]
Ans: ‘
(1) Let f(x) = k(x+1)(x—m)(x—2m).

Since the coefficient of x> is 1, k=1. ------ [M1]

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 4 of 7



fo) = (x+1D(x —m)(x—2m)
f1)=6

A+1)A=m)(1—=2m) =6 - [M1]
(A-m)(1-2m) =3

2m’ =3m+1=3

2m* =3m-2=0
(m-2)2m+1)=0

f(x)= (x+D(x-2)(x—-4)
= (x+1)(x? —6x+8)
=x~5x* +2x 48 -—— [A1]

(ii) Let x = 2
') =50") +2(y*) +8=0 - (M1]
X —5x% +2x+8=0
(x+D(x=2)(x-4) =0
x==1,x=2o0rx=4

y'=-1(¢j), y* =2 0r y’ =4 - [M1]

3. A cuboid has a square base of side (2 + a3 ) cm, where a is an integer. The
height of the cuboid is (1+ \/3) cm and its volume is ( J27-5 ) em’.

(1) Find the value of a. 3]

(i1)  With the value of a in (i), find the total surface area of the cuboid in the

form ( p+ \/—3-) cm’, where p and g are integers. [2]
q
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Ans:
() @+av3)*+3)=+27-5

3/3-5
1443

_33-50-3)
A+3)1-3)

_8/3-14

-2
=7-43

4+3a> +4a3=7-43 - [M1]

@2+a3)* =

[(M1]

4+3a* =7,a> =l,a=+I
da=-4,a=-1
fa==1 - [Al]
(ii) Total surface area = 2(2—+/3)* + 4(2 = /3)(1 + +/3) -—-- [M1]
= 27-4J3)+4(3-1)
=14-8/3+443-4

=(10-43) em? - [A1]

4. The equation of a curve is y = x” + 3x . A straight line has equation y=mx—9.

(1) Explain why the straight line is a tangent to the curve when m =9 . [2]

(11) Find the other value of m for which the line y = mx—9 is a tangent to the
curve. (3]

(iii)  State the set of values of m for which the straight line does not intersect
the curve. (1]
Ans:
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 6 of 7



() y=x*+3x
y=9x-9
x* +3x=9x-9
x?—6x+9=0
Discriminant = (—6)* —4(1)(9) = 0 ------ [M1]

Therefore, the straight line is a tangent to the curve, since they intersect at only
one point. ------ [Al]

(i) x* +3x=mx—-9
XX +3-mx+9=0
B-m)* —4(1)(9) =0 -—- [M1]
(3-m)* =36
3—-m=16
m=-3 or m=9(rej) ------ [M1]
The other value of m is -3. ------ [A1]
(ii)—3<m<9 - [B1]

5. The diagram shows part of the graph of y = |2x = ]| -2.

h

5/

Y
~

Y

A
4
Y

(1) Find the coordinates of 4 and of B. [2]

&

. 1
(11) Explain why the lowest point, C, on the graph has coordinates (E , —2).

(2]
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg7of7
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(111)  In each of the following cases, determine the number of intersections of
the line y = mx+c with y = |2x - 1| — 2, justifying your answer.

(@) m=-2 and ¢ > -1 (2]
(b) m=1and c<-3 [2]
Ans:
(1) |2x—]l—2=0
|2x—]|=2

2x—=1=2 or 2x—1=-2 - [M1]

2x=3 or 2x=-1

1 1
A(_E,O)’B(IE,O) ______ [Al]

(i) 2x-1|20, 2x-1|-2> -2

Since C is the lowest point on the graph, y = -2 . ------ [M1]

|2x—l|=0, le
2

Therefore the coordinates of C are ( % y =2). === [A1]
OR
At the point where the lines turns, |2x - 1| =0, x= % -—--—- [M1]

y=0-2=-2

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 8 of 7



Therefore the coordinates of C are (% , =2). ---—-- [A1]

(ili) (a) For m=-2 and ¢ > -1, the line y = mx+ ¢ is above the left arm and

parallel to it. Therefore the line y = mx + ¢ intersects the right arm at one

(b) For m=1 and ¢ <-3, the line y = mx+c¢ is below C and the gradient

is gentler than the right arm. Therefore the line y = mx+ ¢ does not

intersect the right arm. ------ [M1]
Number of intersection = 0 ------ [A1]
6. In a simplified prey-predator model, some wolves were deliberately introduced to

an island to curb the population of wild rabbits. The population of rabbits, R, was

given by R =400+ 6000e™°°” , where 1 is the number of days since the

introduction of wolves.
(1) Find the initial population of wild rabbits on the island. M

(i)  After how many days would the population of wild rabbits first drop by

40%? [2]
(iii)  Explain why the rabbits would never extinct on the island in the long run.
(1]
Ans:
(1) Whent=0,

R =400+ 6000’ = 6400 ------ [A1]
(11) 6400x60% = 3840

3840 = 400 + 6000e "
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 9of 7



3440 = 6000e %

0~00% _ 3440
6000

3440
—0.021 = In(r) oeem- Ml
n(6000) [M1]

1=278=28

It takes 28 days for the population of wild rabbits to first drop by 40%. ------ [A1]
(ili)As 1 > o, e 50

As aresult, R — 400+ 6000(0) = 400 ------ [Al]

Therefore, the rabbits would not become extinct in the long run.

Solutions to this question by accurate drawing will not be accepted.

7.
YA 42,7

D(-2,1)
B (8, 4)

»

» X

C
The diagram shows a trapezium ABCD in which AD is parallel to BC. The point A

is (2, 7), the point B is (8, 4) and the point D is (-2, 1). The point E is on BC such

that DE passes through O.
(1) Show that ABED is a parallelogram. [2]
(11)  Find the coordinates of E. [2]

Given that CD = CE,

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 10 of 7



(i)  find the coordinates of C. [4]
(iv)  find the ratio of the area of triangle CDE to the area of ABED. [2]
Ans:
(i) AD// BE (given)

Gradient of 4B = 4-7__1

~
-

Gradient of DE =

0-(-2) 2
AB/| DE ------ [M1]
With two pairs of parallel opposite sides, ABED is a parallelogram. ------ [Al]
(11) Let the coordinates of E be (x, y)

x+2 y+7)=(—2+8 4+1

(22 2 02

) [M1]

X+2=6,3+%7=5
x=4y=-2
E(4,-2) --—--- [A1]
(i11)Since CD = CE, C lies on the perpendicular bisector of DE.

Gradient of DE = —]5

-1
Gradient of perpendicular bisector= —— =2 -—--- [(M1]
(—5)

Let the equation of the perpendicular bisector be y =2x+¢

. . ., —2+4 1+(-2 1
Midpoint of DE is (—+,—+—(———) )=(1,—=)
2 2 2
—1 =2><]+C,c=—é
2 2
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 11 of 7
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The equationis y =2x ——;— ------ [M1]

B2 2
§-4 2

Gradient of BE =
Let the equation of BEbe y = %x +c
3
At (4,-2), -2= 5(4) +c,c=-8
- 3
The equationis y = Ex -8 - [M1]

5
=2x—=
d 2

5 ]
=2(-11)-==-24~
y=2 )2 5

C(—l],—24—;-) ------ ™

OR

Gradient of BE = 4-(2) - é
8-4 2

Let the equation of BE be y = %x +c

At(4,-2), -2 :%(4)+c,c=—8

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 12 of 7



The equation is y=—;—x——8 ------ [M1]

Let the coordinates of C be (x, »).

Since CD = CE,

VE+2? +(=1)7 =(x=4) +(r+2)* - [M1]
X +4x+4+y° -2y+1=x>-8x+16+)y’ +4y+4
12x-6y =15

]2x—6(%x—8)=15 -—--- [M1]

3x=-33
x=-11

3 1
=—(-11)-8=-24—
y 2( ) 5

=] 1,—24% s A ]

_ 114 -2 -11 4
(iv)Area of CDE = — 1
20-21 —245—2
= %[4 + 49+ 22 ~4—(~11)—(-98)]
= 90 units’
112-2 4 82
Area of ABED = —
217 1 —247
=%[2+4+16+56—(—14)—4—(—16)—8]

Area of CDE : Area of ABED=90:48=15:8 - [Al]

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E)
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cotA+1

8. (a) (1) Without using a calculator, prove that cot(45° — 4) = i
(3]
(11) Hence find the exact value of cot15° . [2]
(b)  Find an expression for f(x) such that
f(x)= 3sin2(5x—%)+coszx—tanz—lz-x. [3]
Ans:
(a) (1) LHS = :

tan(45° — A)

_ 1+ tan45°tan 4
tan45° —tan 4

=1+tanA

------[M1
1—tan A4 (M1]

sin A
1+
cos A

l_sinA

cos A

cos A+sin 4

_ cos 4
cos A—sin A4
cos A

_cosA+sinA

cos A—sin A

cos A+sm A4

=__smd [M1]
cos A—sin A
sin A4
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 14 of 7



=SaH RHS (proven) ------ [A1]
cot 4—1

(ii) cot15° = cot(45° —30°)

cot30°+1
cot30°—1

V341
J3-1

_ (B+DEB+Y 1]
B -DH/3+1)

_ 4423

= Pl e [Al]

(b) f'(x)= 3sin2(5x—%)+C032x_tanz_;_x

3 . 3 T 1 3 5.1
—=[-2sin"(5x——)]+—[2cos” x]—(sec” —x—1
2[ m”(5x 4)] 2[ }={ ) )

Il

) 5 1 21
—E[l—25in‘(5x—£)]+§+—1-[2cos’x—1]+——sec'—x+1
2 4 2 2 2 2

) 1
—ECOS(IOX—z)+lc052x‘—sec'~x+3 ------ [M1]
2 27 2 2

f(x) = I(3sin2 (5= %) +cos’x —tan’ %x)dx

Il

03 . 1 , 1
——cos(10x——)+—cos2x—sec” —x+3
Ji=Seosi0x=y+= X3

—icos(]0x—£)+lsin2x—2tan—1—x+3x+c ------ [A1]
20 2" 4 2

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E)
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9. (1) Express ?x——S as the sum of 3 partial fractions. [4]

x"(1-x)

(i)  Hence find [—~—> . 2]
x*(1-x)

Ans:

(1) ;cz(]_—x)z 3 +]T === [M1]

8x-5 4 B C
_+—_
X X
8x—5= Ax(1—x)+ B(1 - x) + Cx?
Letx=1,3=C
Letx=0,-5=B - [M1]
Letx=2,11=24+ (-5)(-1) +3(2%),4 =3 - [M1]

85 35,3

¥(1-x) x x l-x

8x — 5 3 5 3
S e e A

:jzdx—j—s;dx+ —dx3
x x” 1-x
= 3Inx—(-5x") +[-3In(1=x)]+ C - [M1]

= 3lnx+§—3ln(l—x)+C
x

= nx—In(l—x)]+ > +C
X

= 3In +—+C - [Al]
- x
10.  The equation of a curve is y = xe™
(1) Find the set of values of x for which y is an increasing function of x.

(2]
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(ii)  Find the coordinates of the turning point and determine whether the

turning point is a maximum or minimum. [2]
Ans:
% x -
i) —=e" +x(—e
(@) i (=e™)
=e"(1-x) ------ [M1]
: . . dy
For increasing function, — >0
dx
e"(1-x)>0
Since e >0,1-x>0
x <1 -mmmm- [Al]
.. dy
i) —=0
(1) o
e"(1-x)=0
1-x=0
x=1
y=1e")=1
e
’ i - ]
Coordinates of turning point is (1, —) ------ [A1]
e
Use 1" derivative test:
X 1- 1+
dy +ve -ve
dx
Gradient / \
The point is a maximum point. ------ [Al]
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 17 of 7
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11. The diagram shows a solid container consisting of a cylinder with a hemisphere
dug out. The radius and height of the cylinder are » cm and 4 cm respectively.

rcm

hcm
6) Express /4 in terms of 7 given that the external curved surface area of the
cylindrical part of the solid is 12007 cm?’. 2]
(11) Express the volume, ¥ cm’, of the container in terms of 7. [2]

(i) The solid is heated and it expands at a rate of 0.81 cm’/s. Find the rate at *
which its radius increases when the height is 60 cm.

Ans:

(i) 2mh=12007 -—m [M1]

rh =600
Bt o [Al]
r

(ii) V:ﬂr:h—§7zr3 ...... [M1]

600 _2
r 3
2
= 600m ——m” -—--- [A1]
3
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E)
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v dv dr
L A ¥
W) = (M1]

V= 6007zr——§-7zr3

av ,
S 60071' —2mr° —e——- 1
; r (M1]

When 2 =60,r=10

L 600 —27(10)* = 4007

dr

0.81= 4oonxi
di

1

ar = RS =0.000645 ------ [A1]
dt 4007

Answer the whole of this question on a piece of graph paper.

12.  The table shows experimental values of the two variables, x and y.

x 0.5 1.5 3 4.5 55 6

y 4.43 529 | 744 11.4 15.7 18.7

It is known that x and y are related by an equation of the form y =ab" +e, where
a and b are constants.

(1) Explain how a straight line graph may be drawn to represent the given
data. [2]

(i)  Draw this graph for the given data and us it to estimate the values of a and
of b. (4]

(iii) By inserting another suitable line on your graph, solve the equation

x

ab® =5e 2. [3]

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 19 of 7
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Ans:
(1) y=ab" -e
y—e=ab”
In(y—€) = In(ab") —-- [M1]
*In(y—e)=lna+xInb
Let Y=In(y—e) and X =x
Y=Ina+XInb
If In(y—e) is plotted against x, a straight line graph can be obtained. ------ [Al]
(i1) From the graph
Ina=035, a=e*** =142 —- [A1] (Answer range: 0.3352+0.02)

235-0.75

Inb =0.4(20.02), b=€"* =1.49 —--- [A1]

IJ[-(

(iii) ab* = Se

Inab” =InSe 2

lna+xlnb=ln5—E
2
x
ln(y—e)z]nS—E ------ [M1]

Equation of line to be inserted: ¥ =In5— % X

At the point of intersection, x=1.40 +0.02 ----- [Al]

END OF PAPER
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1. ALGEBRA
Quadratic Equation

For the equation ax® +bx+c=0,

—b++/b* -4ac

2a

X =

Binomial expansion

(@+d) =a"+ (’;)a”"b + (;)a’"zb2 +...4 (n

r

)a""b’ +...4+0",

o n ! =-D..(n-r+1
where » is a positive integer and ( ) " _nn=D..(n-r+) .

r _(n-—r)!r!— r!

2. TRIGONOMETRY

Identities
sin® 4 + cos ‘4 = 1
sec’4 = 1 + tan® 4
cosec’A = 1 + cot’ 4

sin(4 = B) = sin Acos B = cosAsin B
cos(A = B) =cosAcosBFsin Asin B
tan 4 = tan B

1¥tan Atan B
sin2A4 =2sin Acos A

c0s2A4=cos? A—sin> A=2cos> A-1=1-2sin’ 4

tan(A = B) =

24
tan24 = 1A

l1-tan” A4
a b c

Formulae for A ABC = =
snd4 sinB sinC

a =b’+c’-2bccos A

A=+tabsinc



. (a) Solve the equation log, 4 —log,(x* +4x+4)=log, x. (4]

(b) Sketch the graph of y =¢™. In order to solve the equation In ( \/_]__) = -;—x ,
x-3
a graph of a suitable straight line is drawn on the same set of axes as the graph
of y=e™". Find the equation of the straight line. [3]

. The roots of the equation 2x* — px —g =0, where p and g are constants, are @ and .

The roots of the equation 4x” +gx—3x=p-1 are a-1 and B-1.
(i) Find the value of p and of g. [5]
_ (ii) Find a quadratic equation whose roots are o’ and B°. [3]

8
. (i) Given that the coefficient of x™ in the expansion of (l+ px) is 448, find the
X

value of the positive constant p. (3]
(ii) Using the value of p in part (i), find the term independent of x in the expansion of

b 4

(l + px) (5x* -4).

.. [4]
. A curve has the equation y = ln(22x) for x> 0.
X
(i) Find an expression for Q (3]
dx
2
(ii) Hence find [ tn X dx. (4]
x
. The equation of a circle C) is given as .x* + v' —16x+ 8y +64 = 0.
(i) Find the coordinates of the centre and radius of the circle C;. (3]
(if) The line y =k is a tangent to the circle at A, where k = 0. Find the value
of k. [2]
(iii)The tangent to the circle at B(4, — 4) intersects 1y =k at point C. Find
equation of this tangent. (1]
- (iv)Explain why a circle C, can be drawn through the points 4, B and C with
AB being the diameter. (1]
(v) Find the equation of the circle C,. (3]
(vi) Determine, with working, whether (3% ,—6) lies within the 2 circles. [2]

1



The height of a blade on the windmill (measured from the ground) can be modelled by the
equation & =15-7coskt where k is a constant and ¢ is the time in seconds after the windmill
starts moving. The windmill starts rotating from the lowest point, 4, when t =0. The
windmill rotates at a rate of 12 revolutions per minute.

(i) Explain why this model suggests that the highest point of the windmill, B, is 22 m

above the ground level. [1]
(ii) Find the value of k. (1]
(ili)For how long over the course of one complete revolution will the point 4 be at least

17 m above ground level? [2]

(iv)Explain how the solution in part (iii) could be used to find the duration of the
point 4 being at least 17 m above ground level over the course of two complete

revolutions. (2]
(v) Suggest a possible equation of how the height of a blade varies against time if the
windmill starts rotating from the highest point at B. 1

The diagram shows a solid machine part that is made up of a closed cylinder joined to an
inverted right circular cone. The height of the cylinder is # m and the slant height

T . .
of the cone makes an angle of — radians to its base radius, r m.
J

(i) Given that the volume of the machine part is 50 m’, express / in terms of r. [2]
(i1) Show that the total surface area of the machine part is given by [4]
ST 9245+ 197
3 r
(iii)Given that r can vary, find the value of r for which the total surface area of the
machine part is stationary. (3]

(iv)By comparing gradients, explain why this value of r gives the least total surface
area possible. (2]




8.

10.

The equation of two curves are y=cos2x—2sin’x and y=sin2x.
(i) Show that the x-coordinate of the points of intersection of the two curves satisfy

2cos2x-sin2x=1. [1]
(ii) On the same axes sketch, for -7 < x < 7z, the graphs of y = cos2x-2sin’x

and y=sin2x. 4]
(iii)Express the equation 2cos2x-sin2x =1 in the form cos(2x + a) = k, where a

and k are constants to be found. (4]
(iv)Hence find, in radians, the x-coordinates of the points of intersection for

—T<X<T. 3]

A particle travels in a straight line from a fixed point O with acceleration a m/s’,
given by a =87k where 7 is the time in seconds after passing O, and kis a
constant. The velocity of the particle is 5 m/s when it passes O, and at 1 =2, its
velocity is—21m/s.

(1) Find the value of k. [3]
(i) Find the value(s) of 7 when the particle is instantaneously at rest. [2]
(iii)Calculate the average speed of the particle during the first six seconds. [3]
(iv)Describe completely the motion of the particle in the first six seconds. [2]

Wiy

V *

P Qo

In the diagram, two circles touch each other at T and PTQ is their common
tangent. 4B is a tangent to the.smaller circle at E. AT and BT cut the smaller circle
at D and C respectively. ET and CD intersect at F. Prove that

(i) AB//DC, (2]
(ii) LATE = /BTE. (3]
(ili) ET* =CT x DT + EF x ET. (3]

B



11. (i)Differentiate (x+2)v4x-3 with respect to x. [2]
(i)

A
~~ = 3x+2
B J4x-—3
0 > x

3x+2 : . 2
The diagram shows part of the curve y = \/——_ . A line with gradient —= intersects
4x - 3

the curve at A(1,5) and B.
(a) Verify that the y-coordinate of B is —]3—1 [5]

(b) Determine the area of the region bounded by the curve and the line AB. [4]
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1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c=0,

-b++b* -4ac

2a

Binomial expansion

(a + b)" =a"+ (’]1)a""b + (Z)a"‘zbz +.o.+ (n

)a”"b’ +...+0",
.

n!  nn=1)..(n-r+1)

. .. . n
where n is a positive integer and = =
r (n —r)!r! r!

2. TRIGONOMETRY

Identities
sin® 4 + cos 4 = 1
sec’4 = 1 + tan’ 4
cosec’4A = 1 + cot’A
sin(A4 = B) = sin Acos B = cos Asin B
cos(A = B) = cos Acos BF sin Asin B
A=
tan(A+ B) = tan tan B
l1¥tan Atan B
sin2A4 =2sin Acos A
cos2A4=cos’ A-sin? A=2cos? A-1=1-2sin’> 4
2
tan2A4 = —t?—l4
l1-tan” 4
Formulae for A ABC a 2 ¢

sind sinB sinC
a’=b>+c*-2bccos A

A= absinc



1. (a) Solve the equation log, 4 - logg(x2 +4x+4)=log x.
3

log,4-log (x* +4x+4)=log, x
3

2log,(x+2) log,x

log, 4 log, 9 e 1 Ml
’3
log,4-log,(x+2)=-log, x M
4 1

#53 ¥ M1
3x=2
i

3 Al

x-3

(b) Sketch the graph of y =e™. In order to solve the equation In (—]—— =—

a graph of a suitable straight line is drawn on the same set of axes as the graph

of y=e™. Find the equation of the straight line.

\
Bl

0 > x

In =_x
¥=3] 2

1 1
Inl——In(x-3)=—x
2 ( ) 2

In(x-3)=—x M1
x-3=¢"
Draw y=x-3. Al

(3]



2. The roots of the equation 2x” — px — g =0, where p and g are constants, are @ and B

The roots of the equation 4x” +gx—3x=p—-1 are a—1 and f-1.
(i) Find the value of p and of g. [5]

M1

(@-1(B-1=2L---(4) Ml
Sub (1) into (4)

11
ap-(a+p)+1 =Z_Z(2)(a+ﬂ)

aﬁ—%(a+ﬂ)+%=0———(5)
Sub (2) and (3) into (5)

_i_l(ﬂ+2)+%=0 M1

g=-1-= . Al

Sub g = —Iéinto 3)
3_(—2) 1
atf=————~42=3"_
p 4

A
=352 bt
P (6) 3

p=6%,q=-l§ Al



(i) Find a quadratic equation whose roots are &’ and B°.

5 125
aff) =—— Ml
(aB) 16 ,

2
at s f31] 23] 20
6 6/ 36

a3+ﬂs=3l(30]__5_)_5]49

6\36 6) 216 Ml
, 5149 125
X ——xt—-=
216 216
216x*-5149x+125=0 Al

19



8
3. (i) Given that the coefficient of x™ in the expansion of (l+ px) is 448, find the
x

value of the positive constant p. [3]

I 8-r ;
ra-l H L] (o)

r

(=]

- xr—sprxr

- 8 prx27—8 M 1
7

56p° =448 M1
p=8
p=2 Al

(i) Using the value of p in part (i), find the term independent of x in the expansion of

(l+px) (5x% - 4).
! [4]
2r-8=0

r=4

7;:( i )2‘=1120 M

R
(l+ 2.\') (5x> -4)
X,

=(...+448x‘2+1]20+..‘)(5x2—4) M]1
Term independent of x
=448(5)+1120(-4)

=-2240 Al

M1



In(2x)’

4. A curve has the equation y = ———~ for x> 0.
(i) Find an expression for % [3]
dy 3x-6xIn2x
s Wi ——— M2
dx x'

3 6
=—=- —;]n 2x
X X Al
In2
(ii) Hence find f nx3x dx. (4]
3
f(%_ﬂnfx}b: @2’ .
x x x
6In2x 3 In(2x)’
Il S =dex— e
f'“z"‘dx=1f3x-3dx-1“2"+c Ml
x 6 25*
=1 3x _]n23r+C M1
6\ -2 2x°
-1 _Im2x e Al
e 2t

38



5. The equation of a circle C is given as x* + y* —16x+8y +64 = 0.
(1) Find the coordinates of the centre and radius of the circle C;.
(x=8)"=(-8)"+(y+4) - (4)’ =64 Ml
(x-8)*—(y+4)* =42

Centre of circle= (8, -4) Al
Radius= 4 units Al
(i) The line y =k is a tangent to the circle at 4, where k = 0. Find the value
of k.
The 2 tangents to circle are y=0 andy=-8. Bl
Since k=0 k=-8. Bl

(iii) The tangent to the circle at B(4, - 4 ) intersects v = k at point C. Find

equation of this tangent.

(iv)Explain why a circle C; can be drawn through the points 4, B and C with
AB being the diameter.

A(8!_8)s B(4a—4)>C(4,_8)
Since AC 1 BC, /BCA =90°

(3]

(2]

(1]

(1]

~. A circle C; can be drawn through the points 4, B and C with 4B being the diameter.

( Angle in a semicircle)  R]

(v) Find the equation of the circle C,.

Midpoint of 4B
_(8+4 —8—4)
27 2
M1
=(63_6)
Radius
] 2 2
=SB4 4 (8- (4
‘ M1
= 2\/_2- units Al

(x=6) " +(y+6)° =8

(3]



(vi) Determine, with working, whether (3% ,—6) lies within the 2 circles.

Length of (3.6,—6) to centre of C,

=J(8-3.6)* +(=4+6)?
=4.83 units

Length of (3.6,-—6) to centre of C,

= (6-3.6)" +(-6-(~6))’

=2.4 units

Since length of (3.6,-6) to centre of C,>4 units, (3.6, -6) is outside C|.

Since length of (3.6,—6) to centre of C,<2+2 units, (3.6, -6) is within C,.

R1

R1

(2]



The height of a blade on the windmill (measured from the ground) can be modelled by the
equation /1 =15-7coskr where k is a constant and 7 is the time in seconds after the windmill
starts moving. The windmill starts rotating from the lowest point, 4, when 7 =0. The
windmill rotates at a rate of 12 revolutions per minute.

(i) Explain why this model suggests that the highest point of the windmill, B, is 22 m
above the ground level. [1]
—l=coskt =<1

~7<-Tcoskt <7
15-7<15-T7coskt <15+7
8<15-7coskr <22 Bl

. The highest point of the windmill is 22 m above the ground level.

(ii) Find the value of k. (1]
Period = 5 seconds
gl

5 Bl

(iii)For how long over the course of one complete revolution will the point 4 be at least
17 m above ground level? [2] .
]5—7c052—5n41 =17

2 2
COS—1=——
5

Basic angle= 1.281044625
2—5751 =1.860548028,4.422637279

1 =1.480577078,3.519422922 Mi

Length of time= 3.519422922-1.480577078
=2.04 seconds Al



(iv)Explain how the solution in part (iii) could be used to find the duration of the
point 4 being at least 17 m above ground level over the course of two complete
revolutions. [2]
In the first revolution, point A is at least 17 m above the ground level for 2.04 seconds.
Since the second revolution is identical to the first, the total time for point A to be at least
17 m above the ground = 2( 3.519422922 -1.480577078)= 4.08 seconds. R

Bl

(v) Suggest a possible equation of how the height of a blade varies against time if the
windmill starts rotating from the highest point at B. (1]

h=]5+7cos-2?nt Bl

1 &0



v
The diagram shows a solid machine part that is made up of a closed cylinder joined to an
inverted right circular cone. The height of the cylinder is # m and the slant height
of the cone makes an angle of Z 3 radians to its base radius, » m.
(i) Given that the volume of the machine part is 50z m’, express 4 in terms of r. [2]

Let the height of the cone be a metre.

7T a
tan — = —

a3

50 =arh+ lm': (\/gr) Ml ..

50 3

h-~——~r

Al

Al



Ml

1007

r

=”_3’i(9-2\/3')+

(i) Show that the total surface area of the machine part is given by [4]

Let the slant height of the cone be p metre.

Tor

CoOS—=—
)4

p=2r

A=nr’ +2nrh+mr(2r)

V3

2

M1

=nr2+2nr[2—7r]+ 2zr’ M1

¥ 3

=3n’r2+100n—2

3
ar’
Lo &
3

1007

r

.
2
=T (9-243)+
I

machine part is stationary.

3{4=gr_r(9_2\/§)_100n
dr 3 r’

when 4t =0
v
2 9-23)= 1%
3 i
s_ 300
209-23)
r=3.00m (3 s.f)

v

M1

Al

(iii)Given that » can vary, find the value of r for which the total surface area of the

(3]

M1

M1

Al

(iv)By comparing gradients, explain why this value of r gives the least total surface

area possible.

(2]

r 2.99 3.00

3.01

Sketch ™,

P

. dA . . ... . :
Since == changes sign from negative to positive as r increases through the stationary

dr
point. The total surface area is the least when r = 3.00 m. Rl

(o}




8. The equation of two curves are y =cos2x —2sin’x and y =sin2x.

(1) Show that the x-coordinate of the points of intersection of the two curves satisfy
2cos2x-sin2x=1. 1]

cos2x —2sin’ x = sin 2x
cos2x+cos2x—1=sin2x

] Bl
2cos2x—sin2x =1

(i1) On the same axes sketch, for -z < x < 7, the graphs of y = cos2x —2sin” x
and y =sin2x. [4]
b 4

CI: x,y-intercepts
C1: Maximum and Minimum
Points

C1: x,y-intercepts
C1: Maximum and Minimum
Points




(iii)Express the equation 2cos2x—sin2x =1 in the form cos(2x + &) = k, where a

and k are constants to be found. 4]
2cos2x-sin2x =1
2cos2x—-sin2x = Rcos(2x+a)

= Rcos2xcosa—Rsin2xsina

Rcosa=2,Rsina =1 M1
. % — o = 0463647609 | MI
R=s Mi
J5cos(2x+0.464) =1

Js Al

cos(2x+0.464) = =

(iv)Hence find, in radians, the x-coordinates of the points of intersection for
—T<X<T. (3]

V5

cos(2x+0.463647609) = =

Basic angle=1.107148718
2x+0.463647609 =1.107148718,5.176036589,-1.107148718,+5.176036589 M1

x=0.322,2.36,-0.785,-2.82 A2
Minus 1
for each

e1ror

(02



9. A particle travels in a straight line from a fixed point O with acceleration a m/s?,
given by a =8¢ -k where ¢ is the time in seconds after passing O, and kis a
constant. The velocity of the particle is 5 m/s when it passes O, and at 1 =2, its
velocity 1s—21m/s.

(i) Find the value of k. [3]
a=8t-k

v=[(81-k)dt

=4’ —kt+c . Ml

When 1=0,v=5,c=5. Ml

When 1=2,v=-21,
“21=4(2) -2k +5

k=21 Al
(i1) Find the value(s) of 7 when the particle is instantaneously at rest. 2]
When v=0,
47 -211+5=0
(41-1)(1-5)=0 M1
t=0.250r’=5 Al
(ii1)Calculate the average speed of the particle during the first six seconds. (3]
s= [(ar =211 +5)di
4

=:13-212+51+C1
J
When 1=0,5=0,C, =0,
s=—1 —2—l:+51 Ml
2

When t=0,s=0m,
When 1=0.25,5=0.164583333 m,

When 1=5,s5 = —70%m,

When 1 =6,5=-60 m,
Average speed during the first 6 seconds

0.6]4583333+(0.614583333+70§)+(70%—60) M1
B 5
~13.8 m/s Al

(iv)Describe completely the motion of the particle in the first six seconds. [2]

The particle starts at a fixed point O. At 1 =0.25, the particle stops and reverses its direction of
motion. At 7 =5, the particle stops again and reverses its direction of motion, moving toward O.
At 1 =6, the particle has a displacement of -60 m from O. R2 for 3 points

R1 for 2 points



10.

P T [,

In the diagram, two circles touch each other at T and PTQ is their common

tangent. 4B is a tangent to the smaller circle at E. AT and BT cut the smaller circle

at D and C respectively. ET and CD intersect at F. Prove that

(i) AB//DC, [2]
£ BTQ = / TAB (Alternate Segment Theorem)

R1
£ BTQ = £ TDC(Alternate Segment Theorem)

o LTAB=/.TDC,AB//DC ( Corr. Ls) * R1
(i) LATE = /BTE, (3]

L ATE = £ ECF (/s in same segment) R1

=/ BEC (alt. Zs, AB/DC) Rl

=/ BTE (alternate segment theorem) R1
(i) ET* =CT x DT + EF xET. (3]

LTDF = £TEC (/s in same segment)
LDTF = £LETC (part (i7))

ADFT and AECT are similar. ( 2 pairs of corr. Zs are equal) R
FT_DT
CT ET Rl

ETxFT =CT xDT
ET(ET-EF)=CTxDT
ET? =CT x DT + EF xET

103



11. (i)Differentiate (x +2)v4x-3 with respect to x.

d . 2(x+2) [ Mi
—(x+2)V4x-3 = +vV4x-3
dx V4x-3

_2(x+2)+4x-3

4x-3
6x+1
&= Al
V4x-3
(i)
A
T 3x42
y=
B 4x-3
0 > x
3x+2

The diagram shows part of the curve y = \/———
4x-3

the curve at 4(1,5) and B.
(a) Verify that the y-coordinate of B is %
Equation of 4B:
2
y-5=——(x-1
b = (x-1)

2 17

y=—=X+—

3x+2 2x+17

-

Jax-3 3

Ox+6=(-2x+17)V4x-3

81x* +108x+36 =16x"—12x>—272x" +204x+1156x = 867

16x* —=365x" +1252x-903=0

. . . 2.
. A line with gradient 3 mtersects

(2]

(5]



Let f(x)=16x" —365x" +1252x-903

fM=0

(x-1) is a factor of f(x).

16x* -365x? +1252x-903 = (x-1)(16x* + Bx+903) M1
Comparing coefficient of x* :

-365=B-16

B=-349

(x=1)(16x*—349x+903) = 0

(x-1)16x-301)(x-3)=0 Mi
x=1,3 or 18.8125(rejected)

3@)+2 1o

Ja3)-3 3 Al

whenx=3,v=

(b) Determine the area of the region bounded by the curve and the line 4B.

Area of region bounded by curve and line 4B

=lx(5+1})xz f

3 _>X+2

Jins "

6x+1- 3
-8 2[ M1

\[4\’ 3 \ﬁlx 3
d
=8%—%{(”2)\/4x—3]f-5fl'3(4x-3) 2dx

3

1
=8%—1[(x+2)~/4x—3]'3—1 3(4x-3)* Ml
3 2 2 1
4|2
2 1

R 3
=8§—%[(x+ 2)\/4x—3),3—i \/4x——3]

=8§—%—(5\/§—3\ﬁ)—%(\/§—\ﬁ) MI

= ]lunits2 Al
6

(4]
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