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Quadratic Equation
For the equation al + $v + s = g,

Binomial expansion

(a+b)"=a'+

where z is a positive integer and

Identities

Formulae for LABC

(:). ".(i)o-'u'. 
.(i)o-"n. *u,

t:)

I. ALGEBRA

-bt b'-4ac
2a

nl n(n-l)...(n-r+7)
rl(n - r1t 71

2. TRIGONOMETRY

sin2 A+ c's52 1=1
s*2A=1+talA

coseczA=1+co(A

sin (l +lD = sinl cos B t cos,4 sinB

cos (l + B) = cos ,4 cos .B 1 sin I sin .B

tan u r B'l= tnnA!ta"^B
l+tanltanB

sin2A = 2srn A cos A

cos2A= cos2 A- sinz A:2cos2 A - 1= I - 2sin2l

ta,.2A= 2t^!
1- ltrlnz A

a_b_c
sinl sin.B sin C

a2=b2+C-2bccosA

A=laDsinC
2
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1 A curve has equation / = (x - OJ2x*. Find the rate of change ofx when.r = 3, given thaty
is increasing at a constant rate of4 units/s, 14)
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2(D Show that logz p * togo n = ff t3l

t2l(ii) Hence solve the equation logz p + l6ga p = 9.
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1 It is given that 2 + lg (x - y) = lg a. where x and y are positive constants

(i) Explain why y < x.

(ii) Express y in terms ofx

t1l

t4l
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4 (i) Write down and simplifu, in ascending powers of x, the first three terms in the expansion
of(2 - 3x)s. t2)

(ii) Given that the exparsion of @+ qx)(2 - 3x)5 up to the terms inl is 8 + r, + 16801, find
the value ofp,ofq and ofr. t4l
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: A curve has equation / =.t' + 2* + x + c, where c is a constant.

(i) Find the.r-coordinates ofthe stationary points on the curve L1l

(ii) Hence find the value of c for which the maximum point of the curve lies on the line

t:2. t3l
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6 (a) Write down the principal value of the following in radians.

(i) cos-r(
i
2

t1l

trl

tzl

(ii) t*-'e+)

O) It is given that P, Q and R are the angles of a triangle.

(i) Show that cosP=-{os (0 +.R).

(ii) Given that Q= 45"and R = 60', find cos Pin the form irl; -.6;, *h"r" o

and 6 are integers. t3l
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? It is given that f(.r) = cos (;)- , -o Xrl = 3sin 2r.

(i)

(ii) State the period and amplitude of g(x)

(iii) Sketch the graph of y = g(x) for 0' < x < 360'

(iv) Hence state the number of solution(s) for the equation 3sin 2.x : cos

0" <.x < 90" .

State the least and greatest values of f(x)

(r)
lz)

12)

t2l

t3l

I for

tll
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8 (a) What conditions must be applied to the constants a and c such that al + 3x + c is always
positive? 12)

(b) Find the range ofvalues of.r for which 2x(8x - 3) < l5i - x + 14 t3l
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(c) Find the values of ft for which theliney = 6x+i is a tangent to the cwvex2 'xy= 5. 741
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9 The diagram, not drawn to scale, shows a circle passing through the points P, Q and .R. The
point Q lies on the line RB. AB is a tangent to the circle at P. The points S and I lie on PR and
PQ respectively. Given that lB is parallel to S7, prove that

(i) triangle PSZ is similar to triangle PQR, t3l

A P B
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(ii) PQ x PT = PR x PS,

(iii) angle QTS+ ar,gle QRS = 1800,

(iv) angle RS?" + angle RPI= 180",

tzl

t3l

tll
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l0 The equation ofa circle with centre O is given by (x + 2)2 + 1? = 10y + 75.

(i) Find the radius ofthe circle and the coordinates ofO.

The point P(4, -3) lies on the circle.

(ii) Find the equation ofthe tangent to the circle at P.

t3l

t3l
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(iii) The tangent of the circle at P meets thex-axis at p. Find the coordinates of Q. tll

(iv) Find the value of tan IOQP t2l
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1l The equation of a polynomial is given by (x) = 4f + 9x - 5

(D Find the remainder when (x) is divided by x + 1.

(ii) Show that 2x - 1 is a factor of f(.r)

(iii) Show that the equation f(x) = 0 has only one real root.

t1l

tll

t4l
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4(iv) Hence, or otherwise, solve the equati (33y+ r) + 9(3) = 5on- l4l
J
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12 Solutions to this question by accurate drawing will not be accepted.
The diagram, not drawn to scale, shows a line segment PQ where P(-1, 5) alnd, Q(3, -3). It is
given that the point R lies on the perpendicular bisector ofPp and also lies on the x-axis. The
point ,l is in the first quadrant.

v
P(-l 5

x

8e3,-3)

(i) Find the coordinates ofR. t6l

s

R
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It is given that RS is parallel to the y-axis and ttre area of aiangle PRS is 6 units2.

(ii) Explain why the y-coordinate of ,lis 4.

(iii) Hence, or otherwise, calculate the area of the quadrilateral PQRS.

t3l

t2l

End of Paper



BLANK PAGE

BP-472



BP-473

g JUNYUAN SECONDARY SCHOOL
PRELIMINARY EXAMINATION 2023
SECONDARY FOUR EXPRESS / FIVE NORMAL (ACADEMIC)

CANDIDATE NAME

CLASS INDEX NUMBERIII
ADDITIONAL MATHEMATICS

Paper 2

Candidates answer on the Question Paper

No Additional Materials are required

READ THESE INSTRUCTIONS F]RST

Write your name, class and index number at the top of this page.
Write in dark blue or black pen.
You may use an HB pencil for any diagrams or graphs.
Do not use paper clips, highlighters, glue or correction fluid.

Answer all the questions.
Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of
angles in degrees, unless a different level of accuracy is specified in the question.

The use of an approved scientific calculator is expected, where appropriate.
You are reminded of the need for clear presentation in your answers.

At the end ofthe examination, fasten all your work securely together.
The number of marks is given in brackets [ ] at the end of each question or part question

The total number of marks for this paper is 90.

For Examiner's Use

90
This document consists of 2l printed pages and 3 blank pages.

I

4049102

30 August 2023

2 hours 15 minutes



BP-474

Quadratic Equation
For the equation al + $26 + s = Q,

Binomial expansion

(a+ b)'= a' + ("\e-'r * (n\,, -,u, * - (nu/ \21 [r

I. ALGEBRA

-b+ b2 - 4ac

2a

where n is a posi *. ,"r"** anu 
[])

)o-'n* *n,

l)...(n-r+l)n(n -

Identities

Formulae for LABC

nl

(n - r)\rl r!

2. TRIGONOMETRY

si'rA+cos2A=l
sq2A=t+tarfl

cosecz A= | + coP A

sin (l +r) = sinl cos 8 + cosl sinB

cos (l + B) = ss5 A cos B + sinl sinB

laa, A t tan Blan(A+ 6l=
1+ tan A lzn B

sin2A:2sin A cos A

cos 2A = cos2 A - sin2 A = 2co* A - | = | - 2stn2 A

tar2A= 2t^!
1- taa2 A

a_b_c
sinl sin8 sin C

d=b2+C-2bccosA

A=faDsinC
2
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I P is on the y-axis. The normal to the cuwe ), = 3sin 2r - I at P meets the x-axis at Q. Find

(i) the equation of the normal to the cuwe at P,

(ii) the coordinates of Q.

14)

t2)
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2 (a) Prove that cof x - cos2 x = coso x cosec2.r

(b) Solve the equation 2siny cosy = siny for 0o <y < 360'

t3l

t3l
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3 (a) Find the value of a andof bsuchthatlD+afi5 =6a-lOJi. t3l

O) A prism has a triangular base AtsC such that the length of AB and AC are (4 - .6) "-
and (l + 16 ) cm respectiv ely. Angle BAC = 150'. The prism has a height offt cm and a

volume of 1OO - Ji f cm3. Without using a calculator, show that l, can be expressed as2'
@ + q Ji ) cm, where p and 4 are integers. t5l

(1 + .6)
(4-J3)cm"

h50'
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4 The table shows experimental values of two variables x ard y, which are connected by the
equationpf - q* = 1, where p and q are constants.

x 05 1 2 )
v 1_94 189 1.69 1.14

(i) Complete the table below and draw the straight line graph ofy3 against I on the grid.
Give yow values to 2 decimal places. t3]

:a'

1,.
,,|;

!
.l:

ili
'1 : 1

-i'i'i itl

:( I
1l

* 0.25 1 4 9
y3 I

i!:

Iatt .
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(ii) Use your graph to estimate

(a) the value ofp and ofq,

O) the value ofl when / = 1.5.

t3l

tll
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5 (a) Solve the equation 2'*2 - 2' -3 14)
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(b) (i) Given that 8t+1 x 53' 2 = LOo' , find the value of 10'

(ii) Hence solve 8r+r x 53i-2 - 104'. t1l

t3l
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6 Thediagram,notdrawntoscale,showspartofthecurvey=l+r+ftandtheliney=2x+4.
Theliney=2r+4intersectsthe.r-axisandthey-axisatlandBrespectively.Cisthemidpoint
ofAB,atdalsoapointofintersectionoftheliney=2x+4andthecurvey=f+x+&.The
region P is bounded by the line, the curve and the y-axis.

(D Find the coordinates ofC. t3l
v

B

v =f+x+k

Y=2x+4
xo
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(ii) Find the value of/r.

(iii) Find the area ofregion P

tll

t4l
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7 An owner fences his private property. He puts fences arormd the perimeter of the trapezium
PQST. He also puts extra fences from P to X and from p to I, where PX and, QY arc
perpendicular to 7S. Angle QSY = angle PTX = d radians and the lengths of PI and QS are 40 m.
It is also given that PQ = 30 m.

(D Show that the length of fencing needed, Z m, can be expressed in the form
a+6cosd+csin 0,where a, D and c are constants tobe found. t3l

T
Y

s

40 m m

m

Y



(ii) Express I in the form a+Rcos (0- a),where R > 0 and aisanacute angle t3l

(iii) Explain why Z is always greater than 25 m t2)

BP-485



BP-486

8 A particle travels in a straight line such that its displacement, .r m, from a fixed point O is given
by x= f - l2f + 45t, where r is the time in seconds after passing tkough O.

(r) Find the times when the particle is at instantaneous rest. t3l

(ii) Hence, or otherwise, find the distance travelled in the first 4 seconds of motion. [3]
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(iii) Explain why the particle will never retum to its starting point t3l
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9 A container has a volume of Z cm3 and is made up of a hemisphere of radius r cm on top of a
cylinder of radius r cm and height i cm as shown in the diagram.

(i) Show that lr = V, 
- 

2'
tt' 3

12)

hcm

(ii) Given that V = 2880r cm3 and that the container is made of plastic of negligible

thickness, show that the total surface area is represented by l - 57 60tr * 5o!' 
"*' 

. 731r3
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(iii) Given that r can vary, find the value of r such that the total surface area is a minimum. [4]



Io (i) Given that I x +3 - A

x' (2x + l) .x

value of l, of -B and of C.

BC'7 ' 2..1 , where l, B and C are constants, find the

tsl

BP " 490



(ii) Hence find l' l rl^*3 ,, dx in the form lna + b, where aand 6 are rational numbers. [5]n x'(2x +l)

BP - 491
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1l (a) The function f is defined by f(x) = ii, ,> 0. Exptain whether f is an increasing or

decreasing function. t4l
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O) A cuwe is suchthat *=U-, The gradient ofthe curve at the point (3,7) is 3
dx'

(i) Express y in terms ofx. tsl

l2)(ii) Explain why the gradient ofthe curve is never less than 2

End of Paper
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2

1. ALGEBRA

Qtadrclic lxpotion
For the equation a? + hx + c : o,

llinomial expmt.siot

la*h),,-d'+

.Y

tu

("\e-,t *("\o,-,t, *[r, lz)

-h+ hr - 4trc

+
)n '0-- + h",

r

0
nt 1)..(rr-r+l)(

where n is a positive integer and

lit'nulae .lbr L,AR('

2. TRIGONOMETR\

sin2l + cos2,4 : I

s*2A:l+ran2A
cosec2,4 = l-cotl,{

sin (l tll):sinl cosR+cosl sin R

cos (l + R) = cos,4 cos B + sin I sin B

tan(A+ B)- tan '4 
t tan R

l+tanltanB
sin 24 : Zsin A cos A

cos2A: coslI*sinlI =Zcosz A - |:| -2sinz A

tarr zA : 2'^" I
l-tanr I

d h

(n )

Itlenl il ias

sin ,{ sin B sin (l

d=h2+c2-2hce,osA

A= I rrb sin (l
2

4E5N Additional Malh Pl 2023 Prc[rtt
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3

A curve has equation J = (x - q 
^lrx +3

is increasiog at a constant rate of 4 units/s

! -- (x - 4\Jrx +3 : (x - 4)(2x + 311:

t\l Pl - \ltrkirrg Scherrrc

Find the rate of change ofr when x: 3, given thaty
t4l

!=rr-41 "lpr*31dx2
v-l

= _: + {2x +3
'J2x +3

il
:(2)+(2x+3)r(l)

3x-l
,lr, -3

\l I (prod uc t Iulc)

lll (sirnplil'r )

When x : 3,
dy dy dr
dr dx dt

3(3) - r

J2(3) + l
dr
dr

(i) Show that log:7.r + log+2= ilrZ
ln4

(ii) Hence solve the equation log: p * log,r p = 9

ln o lno
IOg2 , + lOqJ D= -+ + -----!-

bt2 ln4

dx

- 
= 1.5 unlts/s

dt

- 2lnp * llrtt
2ln2 ln4
2lnr lnn
ln2: ln4
Zln n [n r.r

In4 ln4

: ff tsr,o*o)

logzP+log/.P:9

From (i): +{ =,
+ lnP=31n'

=ln
:.P = 64

\l I {(hiuge basc)

I (com nron dcn orn irltlor )

ll I (rross nnrttipll.)

,\l

2 t3l

t2l

(i)

(ii)

3

4E5N Additronal Math P I 2023 Prolim [Turn over
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4

3 It is given that 2 + lg (x -y) : lg x, where r and y are positive constants
(i) Explain whyT < x.

(iD Expressy in terms of .r

Br

trl
t4l

(i) For lg (x -y) to be defined, )- ),>0
Hence y < r.

(ii) 2+lg(x-y):lsx
2lg l0+lg(r-y):lgr

lg 102(-r-..r):tg.r

a l00x 100; - r
99.r = l00y

99x
' ') roo

\l I

\t l

.l (D Write down and simplifu, in ascending powers of .r. the first three terms in the expansion
of(2- 3x)s. 12)

(ii) Given that the expansion of (p + qx)(2 - 3-v)j up to the terms in.t' is 8 + rx + I680r, t'ind
the value ofp, olry and ofr. t4l

(i) (2 - 3x)s:2s + s(21x-3.r) + lo(23 -3-r): + .. .\tl
:32-24Ox+720x2+ ...

(ii) GJ ven: (p + r7-r)(2 - i.r)s = 8 + rx + 16801 +..
@ + qx){32 - 240x + 72Oi +...) : 8 + rx + 1680.12 +

I
BIEqualing constants: 32p=A = p

Equating coeff. of i lzop - 24oq: 1680

4

\t I

n:4!'4 ;\I

Equating coetl ofx: r=32t1 -240p
= -260 tsl

4E-sN Additional Math Pl 2023 Prclinr

t\il

(or o eor) [-r rl



BP - 503

5

{ A curve has equation J: = r'l + ?s? + x + c, where c is a oonstant.
(i) Frnd the x-coordinates ofthe sutionary points on the curve. t4l
(ii) Hence find the value of c for which the maximum point of the curve lies on the line

r-2 t3l

(i)

(ii)

dy

dr

y1 +)f+y+g

=j|+4y+l \

(3x + l)(-r+ l):0
..: -f or -l

3

For stationary nointr. S = o

= 3l+4.r+ l:0 \II

\1. \t

d'!=:rrr*4
dr-'

whenx= -! I > o qivesa minimum.3' dr'
r:

Whenr=-l- -9' < O sives a maximum.
&.'

\

Subs. r = -l andy:2 into curve:
2:_l+2_l+c

\t

4ESN Additional Math Pl 2023 Prclint lTurn over
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6

6 (a) Write down the principal value of the following in radians.
-1(i) cof I (- -- ).2

(ii) ,un-'(-*).
J3

(b) Itis glven thatP,Q and li are the angles of a triangle.
(i) Show that cos P = -cos (O + li).

(ii) Given that O : 45" and J? : 60", find cos P in the torm I tJ, - .,6 1, *h"." n
4

trl

trl

l2l

t31

(a) (i)

and 5 are integers

tsl (ii)

\tt

1t
8t

3 6

(b) (i) cos P : cos [ 80o - (0 + ft)]

: cos 180' cos (O + .li) + sin .l 80' sin (0 + Ii)

- {os(q+R)+0 --cos(O+R) ,tl

(ii)

,irfe!)! r ir ppierti f ntar'i j!ii*1.-s:

i(ir .t> = -sc:; 11 l;i!' - P) ll I

= - .r!] ({r+ Ri .\l

cosP :-cos (45o + 60o)
: -cos 45o cos 60" + sin 45" sin 60'

J' }n
2

,\t

\1J

E

2

=l<.a -at

.tr
( )(+)

2

4E5N Additional Math Pl 20?3 Prclim

I
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7

7 lt is given that (x) = sos I i l- t ana B(x) = 3sin 2x.

(i) State the least and greatest values of (x),
(ii) State the period and amplitude of g(x).
(iii) Sketch lhe graph ofy = g(x) for 0' 5 x < 360".

(iv) Hence state the number of solutron(s) for the equation 3sin 2x : cos

0'<x<90"

lz
l)

[]

(;) -lflor
tll

(i)

(iii )

Least value of f(r) = -2

Greatest value of f(r) = 0

(ii) Period of g(x) : 1 80"

Amplitude of g(x) : 3

f(r) < 0
g(x) > o

BI

l. : 3sin 2,r::

lll - rorrect sha pt'
ll I - corrcct c! ckr
lll. c0rr(ct rlrlr & nrin

BI

BI

BI

v
J y = 3sin 2x

J(
0

_J

(iv) For 0o <x< 90" from (i),
from (iii),

Hence. there are no solution. lJr

4E5N Additronal Math Pl 2023 Prclinr ITurn over
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8

8 (a)

(b)
(c)

What conditions must be applied to the constants (r and c such that zrl + 3x + c is always
positive? 121
Find lhe range ofvalues ofx for which 2x(8x - 3) < l5l-x+ 14. t3l
Find the values ofi for which the liney:6x +i is a tangent to thecurve12 -xy = 5 [a]

(a) Discrirninant g-4dc< 0 (or4ac >9) ll I ( o.e. )

(b) 2x(8x - 3) < l5x2-x+ 14

f t6.Y?-6.r< !5t' x+14

x2 5x 14<o
(-r+2)(-r-7)<0 \II

-2<x<7 AI

P-oi-hx= s
5.t'+ir+5=0 \lr

For targent, discriminant = 0
F-4(sX5)=o

l':il0 \l

4E-5N AdditioDal Math PI 2023 Prclul

,'oI;

(c) Subs.line;ntocurve: .t'-x(6.r+i)=5F.I

E
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9

9 The diagram, not drawn to scale. shows a circle passing through the points P, Q and li The
point Q lies on the line llR. AR is a tangent to the circle at lr The points 5 and 7 lie on /'/i and
1'Q respecfively. Given that 1,9 is parallel to S7, prove that
(i) triangle .l'S7 is similar to triangle /)Q/t. t3l
(ii) l'O \< l) l'- l'ja Y l'$ l2l
(iii) angle Q7.9 + angle Q/iJ : 180". t3l
(iv) angle /?,\'7 + angle llQ'l' : l8O" . t I l

1lA

(i)

(ii) From above result,

lSl'7' = ZQI'll (conmon angle)
tPSl' = L\PA (alt. ts, AR ll S'l)

: lPQll (Alt. Segment Thm

l)Q _ l>R

l,.s l'7'

ll'7'S: llI'B {alt. ls,AR ll Sl)
: 1J'llQ (Alt. Segment Thm)

BI

R

'. triangle 1'S7'is similar to tnangle 1'Q1l fty AA property)BI

\II

ltQ x P't': l,ll x PS \I

(iv)

(adj. ls on a st. line) BI
(frorn (i) result) lil
-----(r) Br

1RSl'+ IRAT':3600 - (lQl'S + IQI?S\ (l sum of a quadritateral)
: 360o - l80o
: 180'

llt

4E-iN Additional Math P I 2023 Prulinr [Turn over

(iii) tQl:l : rsoc - zl,7.t
- 18A" - tQrL\

So ZQ'tS+ tQlls: tBo"
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l0

I0 The equation of a circle with centre 0 is given by (x+z)2 + y2: I0y+75,
(i) Find the radius ofthe circle and the coordinates of0.
The point /'(4, -3) lies on the circle.
(ii) Find the equation ofthe tangent to the circle at l'.
(iii) The tangent ofthe circle at P meets the r-axis at Q. Find the coordinates of Q
(iv) Find the value of tar, lOQl'.

t3l

tjl
trl
t2l

(i) (x+2 2

2

+y2-rc))+75
+ y' lly:75
+u-5)2-75:
+()r-5)2:100

OR (x+2)2+y2: rc!+75
x2+l,z+4x- loy- 7l : o

2g - a,2/:
8=2,.f- 5

2'+(- 7l)Radius:

= l0 units
Centre, (.i = (-g, -J)

(Y+Z
{x+Z
(x +7

Radius : l0 units

Centre,0:(-2,5
5

(ii) Grad. ()P

(iiD ArQ,y:0

. .0: (8, 0)

5+3 4
\t I

-2-4
Grad- of tangenr = 1

j
Equation oftangent isy + .i = - (x - 4)'4

?
,= -r-o'4

3

ltl

B1

= x=8

\t

tan lOQl' ol' l0
PQ5

II I for' (r' S)2

seen
,\ l

.\l

4E-5N Additional Math Pl 2023 fuclinr
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(iv) P0: {t-4f +(0+3)' =s I ur 
I

E



BP- 509

l1

ll

The equation ofa polynomial is given by f(x) = ap + 9x - 5.
(0 Find the remainder when f(x) is divided by .r + l.
(ii) Show that 2x - lisafactorof f(x).
(iii) Show that the equation (r) : 0 has only one real root.

(iv) Hence, or otherwise, solve the equation 11-ir' r)+9(3r)=5
-t

I
4

t4l

(i) Remainder = f(-l) :4-9- 5 =-18

(ii)

(iii) By inspection, (.r) = (2r- l)(Zt' + 6r + 5;

sincef(fl=+(11,-qr 1 l-s =o222
.'.2r - I is a factorof f(.r) by thctor theorem- (Shown)

BI

Equating coeff. of l: o = 2h - Z

So f(.r) : (Zr- lXzl + x + 5)

A^(iv) =(3'' ')+9(i')=5
-l

From above results, 3': I

2

= ,: I 1I I

\l !

,\l

\l I

ln3.t=ln I
2

\U

r'=ln ] *lni-2 \lr =-0.63 I

4E-iN Additional Math P12023 Prclim lTurn over
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When 2-t' +.r + 5 = 0, since discriminant = t': - 4(2X5) . 0 ft;l
-i there are no real roots tbr 2r2 + .r + 5 = 0 l --_,,
.. l(r) = 0 has only one real root. which it, = 1fL]Ll
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t2

t2

Solutions to this question by accurate drawing will not be accepted.
The diagram, not drawn to scale, shows a line segment l'Q where l'(-.I, 5) and Q(-3, -3). h is
given that the point 1? lies on the perpendicular bisector of P(.) and also lies on the r-axis. The
point.\ is in the first quadrant.
(0 Find the coordinates of1l. t6l
It is given that /iS is parallel to they-axis and the area of triangle l'lt.! is 6 units2.
(ii) Explain why they-coordinale ofS is 4 til
(iii) Hence, or otherwise. calculate the area of the quadrilateral /'Ol?.t t2)

(i) GndPO= 
5*3 :4- -l+3

= tsrad.=-l'4

\II

\1 I

v
5

Midpt PQ - -l-3 5-3
2'2

: (-2. l) \II

P(-1.

ti I

J

.t'

Rerluiredequationis f'- f :-jt.r.r, @]
IT:__T+-4
I

0 = --r +
4

x:2
.R:(2,0) ,\l

(ii) Let J^- (2, t) and R.t'is the base olthe tnangle with height 3 unirs

]trsttr)=u= Rr-4

Possible values ofi< : 0 t 4
Since J' is in the first quadrant, y-coordinate of S = O + 4 = 4

2-t-32
0 5 -30

BI

+6

[(10 + 3 + 0)-(0- ls -6)] + (
: 23 uni \r

0(-3, 3)

()

I

1l

On the r-axis, y : 0

1

2

I

2
\l I

l
(iii) I€A

I

,A

, It r

Alternative:

Area
tlz 2 -1 -3_tzlo + 5 -3

2

0

: ]tt'* ':23 units2

0+3+0)-(0-4- l5-6)l
{l

\il

4E5N Additional Mafi Pl 2023 Prclim
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z

Qrnclrulic lipolktrt
For the equation aP + hx + c : O,

I, ALGEBRA

-h+ h: - 4uc

2a
x

Rinonial expatxittn

(a' h)' = d'"

where n is a positive inleger and

l.lefititics

lin'nttlae.for LAI)('

("\,r-,h * ("\d,-rt, *
[i] [2.J

(:)

+ | ld 'h'+
Ir,/

+ h,, ,

_l! _ r(r-l)..0r-r+l)
(n - r)r.rl r\

2. TRIGONOMETR1'

sin2 ,{ + cosl,4 : I

se-cA=1+tan2A

cosec2,l = I + cot2l

sin(l tB)=sin,4 cosBtcosl sin R

cos (l + 8): cos I cos B + sin I sin B

ran (a + B\ = lan A l lan R

l+tanltanR

sin 2A : Zsin A cos A

cos 2A = cosz A - sin2 A = 2cos2 A - | = | - Z*nz A

tan zA = ?tao A

| -lan: A

abc
sin,{ sin B sin (I

i=h2+c2-zhccosA

A = l116 sin ('
7

4E5N Additional Math P2 2023 Prolint
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3

t /'is on the).axis. The normal to the curve/ = 3sin 2r - I at,l'meets the x-axis at Q. Find
(i) the equatron oflhe normal 10 the curve al P,
(ii) the coordinates ol0.

dx

Equation of normal isy+ t = -!x
6

grad. of normal = --l

\Il P2 - \l:rrkirrg Srhcrrrc

)t I

t3l
tjl

4
2

(i)

(a)
(b)

I=6*12"
dr
At/),x-0r

and

6
..0 = (-6, 0)

\I I

y= -l
dy_

)t I

6

Le. y

(ii) AtQ.y:0 hence

.r

6

-l-t:o - x:-6

^l

2 Prove that cod x cos2 x : cos4 -r cosec2 .t.

Solve the equation 2sin)'cosy = siny for 0' <;,< 360"

(a) cotl x - cosl x
cos- r

cos' .Y

stn - "r

cos- r - cos- xsrn-.r
Bt

(b) 2siny cos -y = siny
sin/2cosY-l)=0

sin y = 0 or

.y = 1800

stn- r
_ cosr r(l - sinr r)

sln-.r
cos- rcos- f

srn- .r
= cosl l cosec' .r

]lI

llI

cosl - 0.5

-y = 600, 3000

\ll - lioth nrtios

,\l -:rll 3 solrrliorrs

!i-: il ilrt!rrtts {'itrl('ill*{l "iirr.ij'
+;;ri rrrlr i r',r:. r' t,,: ( {,t't'r.( {l!

4E-5N Additional Math P2 2023 Prclim lTurn over
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1

J (a)

(b)

Find the value of a andof b such that 3h+ qJfr =6a- 10.6 t3l
A prism has a triangular base AR( such that the length of AR and A( are (4 - .6 ) .*
and (l + ]5)cm respectively. Angle RA(: l5Oo. The prism hasaheightof y'lcmanda

volume of I tro - .6 i "rr without using a calcutator, show that lt can be expressed as
2

Q, * q Ji ) cm, whereTr and r7 are integers. t5l

(a)

(b)

ts:

)

3h+qJ-75:6a- 10.6

= 3b+5aJ1 :6a- lorE
Equaring coeff. of .,6 :

5cr = -10
-_ a

Equating constan
3b = 6(-2

- h=-4

78 - I 32\6

,\l lirr lroth u: 2 andh 4

uo1 : 11:o _ J: )

\-- J51r * "6),in tso", a \o- J: I

(t+3.\6)sin30'xft-30 J3 ll I (exp:ttts io rt )

111 +:..6)xr:30- \6
2

. 2(30-JJ) l-3.6'' 
I + rJ: l- 3\6

(_

h
(r+ J5 )c-

\tl (ratioualisc) (+-.6)c- B

| -27:(j+7.6)cm
\U

.\ I (o.e.)

1l I for cithrr rrluatiour

ll I (lorrnula)

50'

4E5N Additronal Math P2 2023 Prelint
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5

4 values of two variables x and /" which are connected by the
and are constants.

(i) Complete the table below and draw the straight line graph of
Give your values to 2 decimal places.

against :r2 on the grid.

13I

? o.z5 I .l 9

V 7.30 6.75 ,1 E3 148

py' qf=l = y1 =!-f + |

'!,' 3l - correct points plotted

nl straight line passes

through vertical intercept:i1

I l

I

I

I
I

+ ----1-

ll l
I

lr I
I

I

x 0.5 1 2 t
v t.94 l.89 1.69 tt4

2023 PrElim lTi[a ovct

E
+,P

I

l

-,,., I: ] !

I

.:-]

!-i -

I

lt

J'fiIi'iii:'1i'i

. t.- L.
1 "1f .'1',;'iir!!li
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6

(ii) Use your graph to estimate
(a) the value ofp and ofr7,
(b) the value of .t' wheny = 1.5

(ii) From the graph,

u3 -qf :1 )

(a) I 
= 7.5

p
q

grad

f = q i2+ 1

PP BI

BI

4

p 6

) r7 : 0.0889 (10.015)
(b) Wheny: !.5, then,i = 3 375

Fromthegraph, l=6 I (t0.3) BI

5 (a)

(b)
Solve the equation 2rr2 :2 t -3.
(0 Gven that 8x+r x 5rx-: = 104', find the value of l0'.
(ii) Hence solve 81 

rr x 5r'! : : l oo' .

t4t
t3l
tll

(a) Zx 
| 2 = Z-\ _ 3

4e't+ 3 I :O
2'

x2'. 4(/)2+3(2')- 1=0
t4(2) - ll [2- + t1 = 6 \l I (o. c. )

or 2': -1 (rejected as 2' > 0)

Sltrtittttr !! !:!l trst
s u [rs i itii i i<;ir- sueh
its a, :'.

\t1

a, - 
I

4

x: .2
\Il (holh;rns\rcr\)

(b) (0 8t I x 5ar-2: I oa!

- sr'
8{2:}) x " :10{'

25

161t, 8 
= lglt

25

8 10"

:11 t (s plit indices)

25 tor'

io'::
25

(ii) ,= ls a-25
= -0.495

.\,

4ESN Additronal Math P2 2023 Prclin
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7

6 The diagram, not drawn to scale. shows part of the cuwey: x2 + x + * and lhe liney = 2x + 4.

The 1ine.1,= 2x + 4 inlersects thex-axis and the).aris atA and R respectively ('isthemidpoint
ol AB,and also a point of intersection of the line.1' = 2x + 4 and the curvey =.r2 + x + * The
region P is bounded by the line. the curve and the Jr-axjs
(i) Find the coordinales of ('. t3l
(ii) Find the value oil tll
(iii) Find the area of region /' t4l

(i) At ,4,.! : 0. hence
--5

2x+4:0
x=-2 \t I

At/J.x=0.hence y=4 R

()

.'= (
=(

-2+0 0+4
2

-1.2)

\l I
2

\l
.t'+x+*

(ii) Ar ('(-1. 2): 2: I I + k
k:2 Bl

(iii) Area /': area ofltrapezium - J" 
("r' + -r * 2) dr

.v':Lr + 4,1

/A
-r

, )ll I
= -(4+2){\- i

l*l*2,
37

_.1

=3-to-ci-i-rrl*l

(or l.l7)units'
6

\t

4E.iN Additional Math P2 2023 Prclinr lTurn over
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40m

An owner fences his private prope(y. He puts fences around the perimeter of the trapezium
t,QS'| . He also puts extra fences from /' to X and from Q to )', where l'X and QY are
perpendicular to /.1. Angle OSY = angle I''lX: d radians and the lengths of1)7 and QS are 40 m
It is a)so given that 1)0 : l0 m
(i) Show that the length of fencing needed. i. m, can be expressed in the fbrm

.t + b cos 0 + c sin 0, where a, b and c ue constants to be found.

(ii) Express /. in the form zr + 1? cos (d- a), where 1? > 0 and a is an acute angle
(iii) Explain why 1- is always greater than 25 m .i'

t3

[3

Y12I .t

(i) In triangle QSI/ (or P'l)),
rs

cos g= _ -40
ov

sn d= :_ =zl0

15 = 40cos d

QY - 40sin 0

.10 m

I m

(ii) Let L : 140 + Rcos (d - d)

80? +80: :80 t; \II
d=laa-r 8o

80

)T

4

.1.:140 * eoJ, 
"or1@- t) [orr40+ 1t3cns(J-I)l

(iii) Since -8oJT < 8oJ2 cos O- ll<mJi

\ I ( o.e. )

\II

t4o - 80\6 < l4o + 80

.' .26.86 < 1. < 753 .14

Ji cos (o - L; 
= no * n,l-z

As 86<t. . hence Z is al s greater lhan 25 m

Ul (eithcr'
onc)

4E-5N Additionll Math P2 2023 Prc}iln
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)

.t. = 2(40) + 30 + []0 + 2(40cos 9)l + z(+osin Arl ill
: r40 + 8ocos d+ 80sin P [-.q

E

lll (:tcccpt rrrirt. 26.q) 
|
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9

8 A particle travels in a straight line such that its displacement,,r m. from a fixed point 0 is given
byx=/- l2t2 +45t.where/ isthetinre in seconds after passing through 0.
(i) Find the times when the particle is at inslantaneous rest
(ii) Hence, or otherwise, find the distance travelled in the first 4 seconds of motion
(iii) Explain why the panicle will never return to its staning point.

J

J

.,

(i)

(ii)

(iii)

At resl, l, : 0 i(r, 81+ l5) = 0
(/--lx/-5)=0

1il

l-3sor5s

When/:3. .r:3'r - l2(3):+4513;

when / = 4. )(: 41 - 12(4)2 + 45(4\

Required dist. :54 + 54-52
:56m

Whenr:o: t3 - tzt2+45t:o
4t2-12t+45)-O

\r

=s4 -;l
= 5: f:;l

\ll

But when t2 lzt+45:0. discriminant:( 142- 4(1X45)<0

= drere are no real rools
Hence the particie will never return to its starting point

1n

,{. .: .

lir --t /i) anr:'

Iul

BI
tl"i: r-l

ir
BI

t!l

4E-iN Additional Math P2 2023 Prclinr lTurn over
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l0

9 A container has a volume of I'cml and is made up of a hemisphere of radius r cm on top of a

cylinder ofradius r cm and height i cm as shown in the diagram.

(i) Showthatfi=:.-+ l2ttD'- 3

(ii) Given that L'= 28802t cmr and that the container is made,of plastic_ of negligible

thickness, show that the total surface area is represented by A = !!9a * 5'=' ' 
"rn' 131'ri

(iii) Gven that r can vary, find the value of r such thal the total surface area is a minimum [4]

t' : n2h + 21t' 
j

3

2t'11 =p'-2tr'
3

(i)

(ii)

(iii)

\l I

=h
L', 2r \l (Shown )

A-2nh1p.2a1!!-
2

-- 2n"(
28802 2r

-3

57601 5zr1:-+-
r3

\tt

)+3to'z \,1 I - rubstitrtiorr

hcm

AI

dA 5760r l0rr_ :__ + 

-
dt t'' 3

\ll

dA
For stationary values, 

- 
:0

5760r l0rr

I = 1728
r= 12

..'

\I I

d=A tl52ox tor
;=7 

+----.whenr=12.

Hence .4 is a minimum when r : l2 cm

4ElN Addirronal Math P2 2023 Prclim
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ll

l0 (i) Given that ],1*' . =^ * u, *,( ,, where,4, lJ and (' are constants, find ther'(2.r+l) x x- 2x-l
value ofl. ofR and of(' t5l

(ii) Hence find [' =11*", dx in the form ln a * b. where a and 6 are rational numbers. [5]Jr x- (2y + l)

h'+i A R ('
LGr__-:-x"(2x-l) .r x' 2x*l
" f(Zx + t): 7x+3 = Ax(Zr + l)+R(2r+ l) +(',t'

(i)

(ii)

Letx-0 3-R \l

I-a x: -f

e: '7x +3l_d_rrt x- (2.r + l)

Equating coeff. of l. o:7A+(: = ..1 =I
7x+3 I 3 2'x'12x.11 x .rt 2x+l

\l

\t I: I'[
l-" 2
-+-i_r 

- --r 2r+l
d,r

t_L. -l.r ' 2ln(2x+l)l 
j

h.r +- - --------j----.-- l(-r) 2 ),

.\l I intcgr;rliorr of 3.r 2

\l I - int(.qr':rli0n ol -J-tcrnrs
c,x+b

=lr 9 +2
7

.\r

4E5N Additional Math P2 2023 Prclim lTurn over
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= ('=-r-lrl

=ln 3 - I -ln7-(o-3 -lni)Fll
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il (a) The function fis defined by (x) = 'a'^ ,, > 0. Explain whether fis an increasing or
x'+2

decreasing function. l4l
(b) A curv'e is such that *; 

: * .8. The gradient of the curve at the point (3, 7) is 3.

(r) Expressy in terms ofr. t5l
(ii) Explain why the gradient ofthe curve is never less than 2. 12)

?-.1
(a) f(]")=;;

t2

_ (r: + z)(-2r) - (3 - r:)(2n)
(x: + 2)'

\l I - Qrrotienf Rulc (o.e. )

lll eiihcl seen

f ,(.y)

-l0x \l I - sinrlllifl
(x1 +2)2

For r > 0, -l0r < 0, also (.t' + 5)2 )' 0
Sof '(r)<0 l fis a decreasing function.

(b)
dty :2r 8

(i)
dy

dr
- Jiz, -s) a,

dr

:l-8x+c
At (3. 7). dy 

=
dr
32-81i;+c=:
c= 18 \tl

v = [(r: - 8,r + 18\ d-r

:!_ -+i+t8t+11
I

e3

Ar(3,7), 7= I -4(3):+ rs(3)+.1
J

d= -20

'.y:+-al +18.r-20
-,

(ii) 9 =f-s** ta =@' 4)z+2

Since (x 4)2 > O. then(x-4)2+2>2
Hence the gadient is never less than 2.

!t I

3

lIl

\l

j\t I

Ii I

tsl
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