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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax? + bx + ¢ =0,

_ —b++b* —4dac

2a

X

Binomial expansion

(a+b)y'=a"+ Uja"llfr (Zja”%“r ot (n]a”’b“r b
r

n! _n(n=D..(n-r+1)

ri(n—r)! r!

. .o, . . n
where 7 is a positive integer and ( ] =
r

2. TRIGONOMETRY
Identities
sin? A +cos?A=1
sec? A =1+tan’ 4
cosec’ A =1+cot* 4
sin(4 £ B) =sin 4 cos Bt cos 4 sin B
cos(AtB)=cosAcos B F sindsinB

tan 4 + tan B

tan(4 + B) = nA=tan’s

1F tan Atan B
sin2A4=2sin Acos 4

cos2A=cos’* A—sin* 4=2cos* A—1=1-2sin* 4

2tan 4

‘[an2A:—2
1-tan” 4

Formulae for AABC

a b  c

sin A - sin B - sinC
a’ =b* +c* —2bccos A

A :lbcsinA
2



The curve (x—1)° +(y—3)> =5 intersects the line y —3x =5 at two points. Find the coordinates
of these two points. [5]



A stone is thrown vertically upwards such that its height, # metres from the ground at time

t seconds after being thrown is given by the formula 4 =-9¢> +12¢ +1.

(@)

(b)

(©)

Explain the meaning of the constant term in the formula. [1]

Express 4 in the form a(z +b)* +c, where a, b and ¢ are constants to be determined. [3]

Hence state the maximum height attained by the stone and the time at which this occurs.

2]



3 Find the range of values of the constant p such that y = px” —4x+ p—3 is always positive for all
real values of x. [5]



4

Express

15x*=13x+18 .

> in partial fractions.
(x=2)(3x" +1)



6
5 (a) Find the first 4 terms in the expansion of (ﬁ + 3x2j in ascending power of x, simplifying
X
each term. [3]
a 6
(b) Given that there is no term in x° in the expansion of (2x° —1) [— + 3x2j , find the value
X

of the positive constant a. [2]



. 1 . .
A particle moves along the curve y = where x # 3’ in such a way that the x-coordinate

GBx-1*"
is decreasing at a rate of 0.1 units per second.

(a) Find the rate of change of the y-coordinate when x = 1. [4]

3
(b) Find the value of x when y increases at the rate of 5 units per second. [2]



A calculator must not be used in this question.

(@)

(b)

Show that tan15°=2—+/3 . [4]

Use the result from part (a) to find an expression for cosec’15°, in the form a +b3
where a and b are integers. [3]



(@)

(b)

10

. ) sinx 1l-cosx
Prove the identity - =2cosec x .
I-cosx  sinx
. sinx l-cosx
Hence solve the equation + =5 for 0 <x <2m.

1—cosx

sin x



11

2
A curve is such that d ); =3e¢” —e™*. The curve cuts the y-axis at P (0, 1) and has a
gradient of 4 at P.
(a) Show that the curve has no stationary points.

(b)

Find the equation of the curve.

[4]



12

10 (a) State the amplitude and period of 2sin3x+1. [2]

(b)  Sketch the graph of y =2sin3x+1 for 0<x<r.

Y

A

(c) By drawing a suitable straight line on your sketch, determine the number of solutions of
the equation 7sin3x—x=0. [3]



11

13

Solutions to this equation by accurate drawing will not be accepted.

ABC is a triangle with vertices 4 (0, /), B (2h,—2) and C (7, 5), where 4 is a positive integer.
The area of the triangle is 20 units?.

(a) Show that /# = 2. [3]

(b) Find the equation of the perpendicular bisector of 4B. [3]

(c) Explain why triangle ABC is isosceles. [2]



14

The table shows experimental values of two variables x and y. It is known that x and y
are related by the equation y = 4k, where 4 and k are constants.

X 1 2 3 4 5
y 2.63 | 3.89 | 5.62 | 8.32 | 12.02

(i) On the grid below plot Ig y against x and draw a straight line graph to illustrate
the information. [2]




(b)

15

(ii)  Use your graph to estimate the value of 4 and of k. (4]

Variables x and y are related by the formula y = ax’ +bx*, where a and b are constants.

Explain clearly how a straight line graph can be drawn to represent this formula. You

should state which variables should be plotted on each axis and explain how the values
of a and b can be calculated. [4]



16

13

P@3,1)

0 0 x

The diagram shows part of the curve y = 9% The point P (3, 1) lies on the curve and the
X

normal to the curve at P meets the x-axis at Q.

(a) Find the coordinates of Q. [5]



17

(b)  Find the area of the shaded region bounded by the curve, the normal PQ and the
coordinate axes. [5]

End of Paper
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Maris Stella High School
2025 Secondary 4 Additional Mathematics
Prelim Examination Paper 1 Answer Keys

Qn Answer Key
1 (0,5)and (-1, 2)
2(a) Initial height of the stone is 1m above the ground.
2
2(b) h=—9[l—§) +5
. . . 2
2(c) Maximum height = 5m when time =§ s
3 p>4
15x> —13x+18 4 3x-7
4 2 = t12
(x=2)3x"+1) x-2 3x +1
a® 184’ 4 3 3
5(a) —+— +135a" +540a’x" +
X x
5b) a=2
3 .
6(a) 3 units/s
(b) x =2
7(b) | 8+43
8(b) x=0.412,2.73
3 2 _ 5
9(b =—e"—e +—x+—
(b) b% 2 e’ —e 5 X 2
) i 27 i
10(a) | Amplitude =2, Period = EY (accept 120°)
k) |,
10(c) 4
11(a) | h=
11(b) |[y=x-2
12(aii) | A = 1.82 (accept 1.78 to 1.86), k=1.46 (accept 1.43 to 1.50)
1
13
(a) ( 3’ j
(b) 1.98 units?
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax? + bx + ¢ =0,

_ —b++b* —4ac

2a

X

Binomial expansion

(a+b)11:a11+ (Y]a111b+ [Z]a112b2+ o+ (nJanr b+ +b11’
r

n! _nmn=D..(n-r+1)
ri(n—r)! r!

where 7 is a positive integer and ( J =
r

2. TRIGONOMETRY
Identities

sinf A +cos’4=1
sec? A =1+tan’ 4
cosec’ A =1+ cot’> 4
sin(4 £ B) =sin 4 cos B £ cos A sin B
cos(A+B)=cosAcos B F sinAsinB

tan A £ tan B
l1Ftan 4 tan B

sin2A4=2sin Acos A

tan(4 = B) =

cos2A=cos’ A—sin> A=2cos* A—1=1-2sin’ 4

2tan 4

tan24 = >
1-tan” 4

Formulae for AABC

a b ¢

sin 4 - sin B - sin C
a’ =b*+c* —2bccos A

A =lbcsinA
2



The curve (x—1)° +(y—3)* = 5 intersects the line y —3x = 5at two points. Find the coordinates
of these two points. [5]

(x=1)* +(y=3)* =5 (1)
y=3x=5

Subst (2) to (1), (x=1>+(Bx+5-3)" =5 M1
X =2x+1+9x* +12x+4=5

10x*+10x=0 M1
10x(x+1)=0 Ml

x=0orx=-1
y=5ory=2

the coordinates are (0, 5) and (-1, 2) A2


https://freetestpaper.com/

A stone is thrown vertically upwards such that its height, # metres from the ground at time
t seconds after being thrown is given by the formula # = —9¢> +12¢+1.

(a) Explain the meaning of the constant term in the formula. [1]

The initial height of the stone is 1m above the ground. Bl

(b) Express /4 in the form a(t+b)” +c, where a, b and ¢ are constants to be determined. [3]

h=—9(t2—ij+l
3
2 2

=-9 tz_iH(Ej —(gj +1

3 3 3

2

:—9(t—z] +5

3

a=—9,b=—§ ,c=5 B3 for each of the value

() Hence state the maximum height attained by the stone and the time at which this occurs.
2]
Maximum height = 5m when time Zé S VB2 FT from (b)



3

Find the range of values of the constant p such that y = px” —4x+ p—3 is always positive for all
real values of x. [5]
for y = px* —4x + p —3to be always positive,
p>0 and discriminant < 0,

-4’ -4(P)p-3)<0 M1 for using discriminant < 0
16— 4p> +12p < 0
pP-3p—-4>0 M1 for quadratic eqn
P+ @E-4>0 M1 for factorising
p<—-lorp>4 M1

since p >0, p > 4 Al



4

15x* —13x+18 . . .
Express in partial fractions.

(x—2)(3x +1)

15x —13x+18 4 +Bx+C
(x 2)(3x” +1) Cx=2 3x*+1
15x° =13x+18 = ABx* + 1)+ (Bx + C)(x - 2)
whenx=2, 134=52

A=4
whenx=0, -2C+4=18
c=-7
whenx=1, 16-B+7=20
B=3

15x* —13x+18 4 L 3x-7
(x=2)Bx*+1) x-2 3x*+1

Ml

Ml

Ml

Ml

Ml

Al



(@)

(b)

6
Find the first 4 terms in the expansion of (ﬁ + 3x2j in ascending power of x, simplifying
X

each term. [3]

o ] () Jorr ot o

B1 if at least 2 terms correct and
B2 if all 4 terms correct
6 5
-4 3 35t 15400 4. BI

3
X X

6
Given that there is no term in x° in the expansion of (2x’ —1) (ﬁ +3x7 j , find the value
x

of the positive constant a. [2]
a® 184’
(2 —1)(—6+—3 +135a* +540a’x’ +J
X" x
since there is no x° term, 2(135014 ) —5404° =0 Ml

270a* —540a° =0
2704’ (a —2) =0
a=0(rej),a=2 Al



6

A particle moves along the curve y =
P ¢ Y Grm1y

is decreasing at a rate of 0.1 units per second.

(a) Find the rate of change of the y-coordinate when x = 1.

y=5@x-1)"
P 5(-2)(3x-1)"(3) M1
dx
-0 M1
(Bx-1)
whenx =1, d_y = ﬁ
dx 8
& = ﬂ(—O.l) M1
dt 8
3 .
= 3 units/s Al

(b)  Find the value of x when y increases at the rate of % units per second.

303

125 (3x-1)°

(Bx—1) =125 M1
3x—-1=5

x=2 Al

1 . )
, Where x # 3’ in such a way that the x-coordinate

[4]



A calculator must not be used in this question.

(a) Show that tan15°=2— \/5 . [4]

tan(60° — 45°) = tan 60° — tan 45 M1
1+ tan 60° tan 45°

1443 B
3-23+1

- 3-1
4-23
)

= 2-/3 (shown) Al

M1 for ratios, M1 for rationalization

(b) Use the result from part (a) to find an expression for cosec’15°, in the form a +b\/§
where a and b are integers. [3]

cosec’15° =1+cot*15°
1

(2-45)
1

=l

4-43+3
L T3 Mi

7-4J3 7443
=1+7+4J§

4948

=8+43 Al



(@

(b)

10

sin x 1—cosx

Prove the identity + =2cosec X .

1—cosx sin x

sin x l1—cosx
+

LHS=

1—cosx sin x

~ sin’ x+(1—cosx)2

- Ml
(1—cosx)sin x
_sin’ x+1-2cosx+cos’ x
(1—cosx)sinx
_ 1+1—2co§x M1
(1—cosx)sin x
_ 2(1—-cos )‘c) M1
(1—cos x)sin x
= 2co0sec x Al
=RHS
Hence solve the equation Y 1—.cosx =5 for 0 <x<2m.
1-—cosx sin x
2cosecx =5
cosecx =—
sin x :g M1
5

Basic angle = 0.41151 Ml
x=0.412,2.73 (3s.f) Al
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2
A curve is such that jx—); =3e™ —e . The curve cuts the y-axis at P (0, 1) and has a

gradient of 4 at P.

(a) Show that the curve has no stationary points.

dy_ 2x —x
a—J‘Ge —e " )dx

ziezx+e’x+c M1
2
Gradient =4 at (0, 1),
4:§+1+c
2
c=1.5 M1
d—yzzezx+e"‘+3
dxe 2 2

) 3 _
since Eezx >0, e >0,

d—y:ie“+e"‘+3>0, Al
dx 2

the curve has no stationary points.

(b)  Find the equation of the curve.

=—ezx—e_x+ix+d M2
3
at (0, 1), IIZ_1+O+d

dzi M1

4

yziezx—e_x+§x+§ Al
4 27 4

[4]
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10 (a) State the amplitude and period of 2sin3x+1. [2]
Amplitude =2 Bl
Period = 277[ (accept 120%) Bl

(b) Sketch the graph of y =2sin3x+1 for 0<x<r.

[3]

Correct number of cycles: B1

Correct shape of curve: Bl
Curve pass through critical pts (start, end and the max, min) : Bl

() By drawing a suitable straight line on your sketch, determine the number of solutions of
the equation zsin3x—x=0. [3]

zsin3x—x=0

25in3x—§=0
T
) 2x
2sin3x+1=—+1 M1
s
Draw y=2% 41 Ml
T

Number of solutions = 4 Al



11

13

Solutions to this equation by accurate drawing will not be accepted.

ABC is a triangle with vertices 4 (0, /), B (2h,—2) and C (7, 5), where 4 is a positive integer.

The area of the triangle is 20 units?.

(a) Find the value of /.

. 110 22 7 0
Area of triangle —
2 -2 5 h
10/ + 7Th —2h* +14 = 40 M1
2h*—17h+26=0
(h-2)(2h-13)=0 M1
h=2, h= g(rejected) Al

(b)  Find the equation of the perpendicular bisector of 4B.

Midpoint of 4B = M,ﬁ
2 2
=(2,0) MIl
gradient of AB= =22
=-1 M1
Equation of perpendicular bisector of AB: y =x —2 Al

(c) Explain why triangle ABC is isosceles.

AC =(0-7) +(2-5)* =/58

BC =(4-7)" +(-2-5)* =/58
since AC = BC, triangle ABC is isosceles (shown)

Or
from part (b), when x =7, y =5
vertex C lies on the perpendicular bisector of AB, AC = BC
triangle ABC is isosceles (shown)

[3]

[3]

Ml
Al

MI1
Al
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12 (a) The table shows experimental values of two variables x and y. It is known that x and y
are related by the equation y = Ak*, where A4 and k are constants.

X 1 2 3 4 5
y 2.63 | 3.89 | 5.62 | 832 | 12.02
lgy | 0.420] 0.590 | 0.750 | 0.920 | 1.08

(@) On the grid below plot Ig y against x and draw a straight line graph to illustrate
the information. [2]

o VAR SN SN0 0 O

TN T O OO O T A iod O T O OO O - A I O O O U O N O

12 + . R - P aah

0.8

N\

0.6

04 H i A

0.2 RN . ,,,,,,,‘5,, B N T Y N F s T N RN N - ,: aenfantan ,,',: aqandanfacta ,:,, anfanfan ,,:,,:,, }-ag-- ,,,,;‘,, T ,,,,;‘,,

P1 for correct points plot. L1 for straight line drawn.

y 2.63 | 3.89 | 5.62 | 8.32 | 12.02

lgy | 0420 0.590 | 0.750 | 0.920 | 1.08




(b)

15

(ii)  Use your graph to estimate the value of 4 and of k. (4]
y=Ak"
lgy=I1g Ak*
lgy=xlgk+1g4 Ml
0.92-0.59
4-2
=0.165 M1
lgy-intercept = 0.26,
lg4=0.26
A =1.82 (accept 1.78 to 1.86) Al
lg k=0.165
k=1.46 (accept 1.43 to 1.50) Al

From the graph, gradient =

Variables x and y are related by the formula y = ax’ +bx”, where a and b are constants.

Explain clearly how a straight line graph can be drawn to represent this formula. You
should state which variables should be plotted on each axis and explain how the values

of a and b can be calculated. [4]
y =x"(ax+Db)
lz =ax+b or alternative 13 =a +2 MIl
X X X

v y . . . 1 . .
Plot = (or 7) on the vertical axis against x (or 7) on the horizonal axis (M1)

Gradient of line = a (or b) Al
Vertical intercept (l2 intercept) of line = b (or @) Al
X



16

13

P@3,1)

o 0

The diagram shows part of the curve y = 9% The point P (3, 1) lies on the curve and
—2x

the normal to the curve at P meets the x-axis at Q.

(a) Find the coordinates of Q.

__ 6
dx  (9-2x)
when x =3, Q= 6 5
& (9-6)
_2
3
3

Gradient of normal = ——

Equation of normal: y—1= —%(x -3)

when y =0, —1:—3x+%

11
X=—

Coordinates of O (%,OJ

Ml

Ml

Ml

Ml

Al

X

[5]
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(b)  Find the area of the shaded region bounded by the curve, the normal PQ and the
coordinate axes.

Area of shaded region = JGidx +l(l)(3z - 3j M2
09—-2x 2 3
3
:3[ln(9—2x)} +l M
-2 o 3
= 3(—0.54931+1.0986)+% M1
= 1.98 units? (3s.f) Al

End of Paper

[5]
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax? + bx + ¢ =0,

_ —b++/b* —4dac

2a

X

Binomial expansion

n n n
(a+b)11:a11+ (1]a111b+ (2]a112b2+m+( janrbr‘i‘...‘i‘bn,
r

n! _nn—1.(n—r+l)

ri(n—r)! r!

. .o, . . n
where 7 is a positive integer and ( ] =
r

2. TRIGONOMETRY
Identities
sin? A4 +cos>A=1
sec?A=1+tan’ 4
cosec?A=1+cot’ 4
sin(4 £ B) =sin 4 cos Bt cos 4 sin B
cos(A £ B)=cos Acos B ¥ sin A sin B

tan A + tan B

tand +B)= ——M—
1¥tan Atan B

sin2A4 =2sin Acos A
cos2A=cos’* A—sin* A=2cos* A—1=1-2sin* 4

Formulae for AABC

a b _ c

sin A - sin B - sinC
a’ =b*+c* —2bccos A

A =lbcsinA
2



(@

A polynomial f(x) has a remainder of —1 when divided by 2x + 3.

(@) Find the remainder when f(x) — 1 is divided by 2x + 3.

(ii) Find in terms of f(x), a polynomial which is divisible by 2x + 3.

[1]



(b)  The cubic polynomial g(x) is such that the coefficient of x* is 2 and the roots of

g(x) =0 are —1, m and 2m, where m is an integer. It is given that g(x) has a remainder
of 12 when divided by x — 1.

Find an expression for g(x) in descending powers of x. [5]



2

. . Inx
The equation of a curve is y =—.
X

(a) Find the coordinates of the stationary point of this curve.

Leave your answer in terms of e.

(b)  Determine the nature of the stationary point.

[4]



The decay of a certain radioactive isotope can be modelled by the exponential equation
N = N,e “after t weeks, where N represents the amount of radioactive isotope, Ny and a are

constants.
A sample of this radioactive isotope has a mass of 100.9 g initially.
After 2 weeks, it is found that the amount of this sample left is 84.6 g.

(a) Calculate the value of a. [3]

(b)  What percentage of this sample has decayed after 5 weeks? [3]



() Find the number of weeks when the amount of radioactive isotope decayed first exceeds
60 g. Give your answer correct to the nearest week. [3]



4 In the diagram, AB is the diameter of the circle with centre O.
DE and BF are tangents to the circle at C and B respectively.
DCE and BEF are straight lines.

F

D C
E
A 0O B

(a) Prove that triangle ABC and triangle AF'B are similar.



(b)

Show that £EC = EF.



(@

(b)

10

Find the integer a and b which satisfy the equation

13_1_ 2% a_b
(gyj T(4y) =2y".

Solve the equation log, (x—8)=2— ! .
log 3




(©

Solve the equation 4" +7 (2x)

11

2.



12

. . . d .
(a) Given that y =2cos xsin 2x —sin xcos 2x, show that Ey = kcosxcos2x, stating the

value of k. [4]



13

(b) Hence, show that J.OX (7 cos xcos 2x +sec’ x)

72

dx=—-—+
3

1.
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Two points A( -3, —6) and B(7, —6) lie on a circle with centre G. The equation of the tangent to
the circle at the point O(1, —=12) isx + 5y + 59 = 0.

(a) Show that the coordinates of G is (2, —7). [5]



15

(b)  Find the equation of the circle in the form of x* + y* +2gx+2 fy + ¢ = 0, stating the value
of f, g and c. [3]
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A particle P moves in a straight line and passes through a fixed point O so that its velocity, v m/s
is given by v=¢>—5¢t+4, where ¢ is the time in seconds after passing O.

(a) Find the values of # when the particle is instantaneously at rest. [2]

(b) Find the values of # when the particle returns to O. [4]



(©)

(d)

17

Find the acceleration of the particle when it first returns to O.

Find the average speed during the first 5 seconds.
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9 The diagram shows a paper weight which is made up of a solid hemisphere of radius  cm, resting
on top of a solid cylinder of radius 2 cm and height 4 cm.

(a) Given that the total volume of the solid is 216w cm?, express 4 in terms of 7. [2]

257z 2167
+ .

r

2]

(b) Show that the total surface area, 4 cm?, of the solid is given by , 4=
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(c) Given that 7 can vary, find the value of » for which 4 has a stationary value.
Find this value of 4 and determine whether it is a maximum or a minimum. [5]
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10 A L-shaped structure, OPQ can be rotated about O. OP and PQ measures 5 m and 1 m
respectively. OP makes an acute angle, €, with the ground. The shortest distance from Q to the
wall is is L m.

P e e e e e e e e e e e e e e e o — ——— — —

Wall

Im

S5m

Ground

(a) Show that L =5cos@—sinf. [2]

(b) Express L in the form R cos (€ +a), where R > 0 and 0° <a < 90°. [3]



(©)

(d)

(e)

21

State the minimum value of L and the corresponding value of 6.

Find the value of @ when L = 3.

Explain why the maximum value of L is not R.

End of Paper
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Maris Stella High School
2025 Secondary 4 Additional Mathematics
Prelim Examination Paper 2 Answer Keys

Qn Answer Key

1a) 1) -2 i1) Polynomial = f(x)+1

1b) 2x° —10x* +4x+16

2a) (e,lj
e

2b) Maximum point

3a) | 0.0881
3b) | 35.6%
3¢) 11
5a) a=2,b=-4
5b) x=9
5c¢) x=-2
6a) k=3

2 2
7h) x —4x+y +14y+27=0

g=-2,f=T7,c=27
8a) t=1,4
8hb) t=2.31,5.19
8c) —0.372 m/s?
8d) 1.63m/s
54 r

9a) h= -

9¢) r=2235, A=433, maximum

10b) | L=+/26cos(0+11.3°)

10c¢) min L =0 when 6 =78.7°

10d) | 42.7°
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax? + bx + ¢ =0,
—b++b*> —4ac
x =
2a

Binomial expansion

n_ n n n—1 n n—212 n n—r pr n
(a+b)y'=d"+ { a’~'b+ 2a b*+ ..+ al’v"b + ...+ Db,
r

n! _nn—=1.(n—r+l)

ri(n—r)! 7!

. .o, . . n
where 7 is a positive integer and ( ] =
r

2. TRIGONOMETRY
Identities

sinff A4 +cos’A4=1
sec? A =1+tan’ 4
cosec’ A =1+ cot> 4
sin(4 £ B) =sin 4 cos B £ cos 4 sin B
cos(A £ B)=cos Acos B F sin A sin B

tan A + tan B

tanA +tB)= ——MM—
1¥tan Atan B

sin2A4 =2sin Acos A
cos2A=cos* A—sin> A=2cos> A—1=1-2sin’* 4

2tan 4

tan24=———
l1-tan™ 4

Formulae for AABC

a _ b ¢

sin 4 - sin B - sinC
a’ =b* +c* —2bccos A

A =lbcsinA
2



(a) A polynomial f{x) has a remainder of —1 when divided by (2x + 3).
(@) Find the remainder when f(x) — 1 is divided by (2x+3) [1]

f(x):(2x+3)h(x)—1
f(x)-1=(2x+3)h(x)-1-1
:(2x+3)h(x)—2

Remainder = -2
(ii) Find in terms of f{x), a polynomial which is divisible by (2x + 3). [1]

Polynomial = f(x)+1

(b) The cubic polynomial g(x) is such that the coefficient of x* is 2 and the roots of g(x) = 0

are —1, m and 2m, where m is an integer. It is given that g(x) has a remainder of 12
when divided by x — 1.

Find an expression of g(x) in descending powers of x. [5]

g(x)=2(x+l)(x—m)(x—2m)
gH)=22)1-m)(1-2m)=12
4(1-3m+2m*) =12

2m* —-3m+1=3

2m* —3m—-2=0
(2m+1)(m—2):0

m=2or —l(reject)

2x° —10x* +4x+16
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Inx

2 The equation of a curve is y =—.

@

(i)

X

Find the coordinates of the stationary point of this curve.

Leave your answer in terms of e.

Inx
y=—o
X
1
x| — |-Inx
w1
dx x°
_1-Inx
x2
@Y_y
dx
1-Inx=0
l1=lnx
x=e
1
y=-
e

. ) . 1
Coordinates of stationary point are (e,—}
e

Determine the nature of the stationary point.

d_y_l—lnx
dx x°
o 1
——|=2x(1-1
dzy_x(xj x(1-Inx)
dx? x*
_—x—2x(1—lnx)
= =
x=e
d’y 1
=——<0
dx? e’

1). . .
Therefore (e, —j 1S a maximum point.
e

Alternative method : First derivative test.

X 2.6 e 2.8
dy/dx >0 0 <0
sign +ve 0 -ve

Therefore it is a maximum point.
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The decay of a certain radioactive isotope can be modelled by the exponential equation
N = N, e “ after t weeks, where N represents the amount of radioactive isotope,

Ny and a are constants. A sample of this radioactive isotope has a mass of 100.9 g initially.

(@) After 2 weeks, it is found that the amount of this sample left is 84.6 g.
Calculate the value of a.

[3]
84.6 =100.9¢*
2, _ 846
100.9
2a=n| 346
100.9
1 ( 84.6 j
a =-—In|——
2 \100.9
~ 0.088098
=0.0881
(ii) What percentage of this sample has decayed after 5 weeks? [3]
t=5
N =100 .9 5(0:088098)
=64.951
100.9-64.951
Percentage decayed = Wx 100%
=35.6%
(iii)  Find the number of weeks when the amount of radioactive isotope decayed first exceeds
60 g. Give your answer correct to the nearest week. [3]
N <100.9-60

100.9¢ %" < 40.9

o (0:088098) 40.9
100.9

—(0.088098)¢ < In ﬂj
100.9

1 40.9
>— In
0.088098 (100.9}
>10.24
The nearest week that the amount of radioactive isotope decayed exceeds 60 g =11



In the diagram, AB is the diameter of the circle with centre O.
DE and BF are tangents to the circle at C and B respectively.
DCE and BEF are straight lines.

Prove that
(i) Triangle ABC and triangle AFB are similar.

ZACB =90° (Angles in semicircle)

ZABF =90° (Radius perpendicular to tangent)

ZACB = ZABF

ZLCAB = ZBAF (common angle)

Triangle ABC and triangle AFB are similar (AA similarity)

(ii)  Show that EC = EF. [4]

Triangle ABC and triangle AFB are similar.

ZABC = LAFB.

ZCFE = ZAFB (same angle)

ZABC = ZDCA (tangent chord theorem)

/DCA = ZFCE (vertically opposite angle)

/FCE = ZABC = ZAFB

Therefore Z/CFE = ZFCE, triangle CFE is isosceles, EC = EF

Alternative solution:
EB = EC (common tangent)

Triangle ECB is isosceles.

Let ZEBC = x.

ZECB = x.

ZFCE =180-90 — x (Adjacent angles in a straight line)
=90—-x

ZCAB = ZECB (tangent chord theorem)
=X

ZCFE =180-90 - x (angle sum of triangle)
=90—-x
=/FCE

Therefore triangle CFE is isosceles, EC = EF




(a) Find the integer a and b which satisfy the equation

1371. 2% a_b
[gyj w(4r')p=2"y

(1) -y ey

= (23y’3)+(2y)

— 22 y—4
a=2,b=—4
(b)  Solve the equation log, (x-8)=2- ! .
log 3
log, (x—8)=2- !
log 3

log, (x—8)=2—log, x
log, (x—8)+log, x=2
log, x(x—8)=2
x(x—8):32
x*—8x-9=0
(x—9)(x+1)=0
x=9,-1(rej,x—8>0)

() Solve the equation 4" +7 (2)‘) =2.

44 47(27)=2
4(4)+7(27)-2=0
4(27) +7(27)-2=0
Lety=2"

4y +7y-2=0
(4y—1)(y+2)=0
y=7.-20¢)

2x:l:2—2
4

x==2



. . . d .
Given that y =2cos xsin 2x —sin xcos 2x, show that Y _ kcosxcos2x , stating the

6 a
(a) I
value of £. [4]
y=2cosxsin2x—sinxcos2x
dy . . . .
o =2 (cos x(2 cos 2x) + (—sin x)(sin 2x)) - (sm x(—2 sin 2x) + COSs X COs 2x)
X
=4cosxcos2x—2sinxsin2x+2sinxsin 2x —cos xcos 2x
=3cosxcos2x
k=3
(b) Hence, show that .[02 (7 cos x cos 2x + sec’ x)dx = ¥ +1 [5]

T T T
J.O“ (7 cos x cos 2x + sec’ x) dx = J04 7 cos x cos 2x dx +J.04 sec’ x dx

= %J.O‘% cos xcos2x dx +[tan x]og

= %[2 Cos x sin 2x —sin x cos 2x]0Z + [tan%— O}

:%H@j@)_o}ﬂ

72
==

7 Two points A( -3, —6) and B (7, —6) lie on a circle centre G. The equation of the tangent to the
circle at the point QO (1, —12) is x + 5y +59 = 0.

(@)

Show that the coordinates of G is (2, —7). [5]
Mid-point of AB = (_32” ,—6)
= (27 - 6)

The x- coordinate of G = 2
Gradient of tangent at Q = —%

Gradient of normal at Q =5
Equation of normal at Q:

y—(-12)= S(x—l)

y=5x-5-12

y=5x-17

The normal at Q passes through the center of the circle.
Whenx=2,y=52)-17=-7

Therefore G = (2, —7)



Alternative solution:

Mid-point of AB = (_32” ,—6)

= (27 - 6)
The x- coordinate of G =2

Mid-point of AQ = (_3+1 , _6_12j
2 2
= (_17 - 9)
—6—(-12
Gradient of AQ = %
__6_3
4 2

Equation of perpendicular bisector of AQ:
y+9= %(x + 1)

(b)  Find the equation of the circle in the form of x* + y* +2gx+2 fy +c =0, stating the value
of f,gand c.. [3]

2

Distance of GA = /(2 (=3))" +(~7—(-6))
=26

Equation of circle:

(x=2) +(y+7) =(V26)

¥ —4x+4+y> +14y+49 =26

X' —4x+y>+14y+27=0
g=-2,f=T,c=27
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A particle P moves in a straight line and passes through a fixed point O so that its velocity, v m/s
is given by v=¢>—5¢+4 where ¢ is the time in seconds after passing O.

(a) Find the values of  when the particle is instantaneously at rest. [2]

v=t'-5t+4
v=0
£’ =5t+4=0

(t1—1)(r-4)=0

t=14
(b) Find the values of ¢, when the particle returns to O. [4]

v=t"-5t+4
S=Ivdt
LI
3 2
At 0,5=0,t=0,c=0
s=ip_2p
3 2
s =0,

1p Sp 40
3 2

1 >

gz(zt ~15t+24)=0

267 —15t+24=0

~(-15)£(-15)° ~4(2)(24)
2(2)

~2.3139,5.1861
=2.31,5.19

=

(©) Find the acceleration of the particle when it first returns to O. [2]

v=t-5t+4
dv
a=—=
dt
t=23139
a=2(23139)-5=-0372m/s’

2t-5
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(d) Find the average speed during the first 5 seconds. [3]
s=ipdp iy
3 2

t=1, s=2-244-1

3 2 6

1 5 8
t=4, s=—(64)—=(16)+16=—=

H(64)-2(16)+16=-

1 5 5
t=5 s=—(125)-=(25)+20=—=

£(123)-2(25) +20= -

. . 11 8) 5
Total distance travelled in first 5s = 2 3 +2 3%
49
=—m
6
49
Average speed = % =1.63m/s
9 The diagram shows a paper weight which is made up of a solid hemisphere of radius » cm, resting
on top of a solid cylinder of radius 2 cm and height 4 cm.
@) Given that the total volume of the solid is 216w cm?, express 4 in terms of 7. [2]

2167z=§7zr3+7r(2r)2h ,;\

216 :gr3 +4r%h

257z 216rx
+ .

r

2]

(ii) Show that the total surface area, 4 cm?, of the solid is given by , 4=

A=2ar +2(2r) —wr’ + 27 (2r)h+z (2r)
A=97r’ +4nrh

=971 +4rr (ﬁ - 1)

o6
=97zr2+2167[—E r
r

_257rr2 2167

+
3 r
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(iii) Given that 7 can vary, find the value of r for which A4 has a stationary value.

Find this value of 4 and determine whether it is a maximum or a minimum. [5]
2
A 257xr N 2167
3 r

dA _SO0mr 2167m
dr 3 P
50zr 2l6x
37
25
r~2.349
r=2.35

257(2.349)

. z( )+2167r
3 2.349

~433.38

— 433

d*A 507 4327

= +
dr? 3 P

2
r= 2.35,61—124 >0
dr

0

A is a minimum.

10 A L-shaped structure, OPQ can be rotated about O. OP and PQ measures 5 m and 1 m

respectively. OP makes an acute angle, €, with the ground. The shortest distance from Q to the
wall is is L m.

Wall

I m

5m

Ground
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_____________________________ ;
o\ +
/ ats
/ > -
d 2 LY
T 777 7 7]
(i) Show that L =5cos@—sinf. [2]
OY =5cos@
XP =sin@
L=0Y-XP

=5cos@—sinf

Alternative solution
A0OPX,0X =5cosf@

aQPY, QY =1sin@ =sind

————————————————————————————————————————— ! L=0X-QY =5cosf—siné
Wall ®

Go-9

0

Ground 75
(ii)  Express L in the form R cos (€ +«), where R > 0 and 0° <a < 90°. [3]
L=5cos@—sinf
R=5*+1> =426
1
tana =—
5
a=11.31°
=11.3°
L= \/%cos(9+11.3°)
(iii)  State the minimum value of L and the corresponding value of 6. [3]

Minimum value of L =0
cos(6’+11.3°) =0

When 6+11.3°=90°
0="178.7°



(iv)

(iv)
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find the value of @&when L =3

3=4/26cos(6+11.3°)
<:os(6’+11.3°)=i

J26

0+11.3°=53.96°
0~42.65°=42.7°

Explain why the maximum value of L is not R.

Given that 6 > 0, when L =R
cos(f+11.3°) =1

6+11.3°=0
0 =-11.3°%(rej)

Therefore the maximum value of L is not R.

End of Paper

[1]
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